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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

MeTpukun roaywoHa (nosrtopeHwune)

OINPEAEJIEHUME: TlycTb w - apMnTOoBa OpMa KOMMAEKCHOIO 3pMUTOBA
MHOroobpasna M, dimg M = n. MeTpuka Ha M Ha3blBaeTCA MeTpukon lo-
aywoHa, ecan 99(w™ 1) = 0.

TEOPEMA: (IN. loaywoH, 1977) MycTb (M,w) — KOMNAKTHOE, KOMMJEKC-
HOE, 2PMUTOBO n-MepHOe MHOroobpasne. Torga cyuwecTByeT €OUHCTBEH-
HasA (C TOYHOCTbKO A0 MOCTOAHHONO MHOXXWUTENSA) NOJIOXKUTENbHAA (PYHK-
una v € C°M Takasl, 4TO Yw - MeTpuka oayuioHa.

1OKa3aTenbCTBO Teopembl [oaywoHa crneayeT U3 CUAbHOIO NpuHUMNA MaK-
CUMYyMa N TeopemMbl 00 nHaekce ANA SNAUNTUYECKUX ONepaToOpPoOB.



KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

KomMniekCHble NOBEPXHOCTU C HEeYeTHbIM by (NOBTOpPEHME)

TEOPEMA: llycTb M - KOMMNAKTHAaA KOMNJEKCHas NOBEPXHOCTb. lorga
b1(M) yeTHO, ecnun H1(O,;) nopoxaeHo aHTuronomopdHbiMu 1-cbopmamu,
N HEeYeTHO B NPOTUBHOM cCJly4dae. B nepBoOM cny4dae, eCTeCTBEHHbIE OTOO-
pa>KeHns

HY(Q'M) & HO(QIM) — HY (M, C) — HY(Oy) @& HL(Oy).

N30MOPPON3Mbl, BO BTOPOM - BJIOXKEHUSA, C KOAAPOM Pa3MEPHOCTN 1. =

JIEMMA: (00-neMmma a1t NOBEPXHOCTENM C YeTHbIM by). MNycTb M - KOM-
NakTHast KOMMNAEKCHAA NOBEPXHOCTb C YeTHbIM by (M), an € ALL(M) — Tounas
(1,1)-cbopma. Toraa n = 00y, ANSA KAKOW-TO BYHKUUN ) € C°M. m



KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

Koromosormm bortTta-HepHa

OINMPEAEJIEHUME: lpocTpaHCTBO

Ha3blBaeTCA NPOCTPAHCTBOM KOoromosiormim bortrta-4HepHa.

YITPAOXKHEHWE: Ilcnonb3ya annnntuydeckmne onepaTtopbl, yoeantTecChb, 4TO
Hé’é(M) KOHEe4YHOMEpPHO.

YIMPAXKHEHWME: lNpoBepbTe, 4TO rpynna boTtTa-YHepHa koromonoruii (1,1)-

NMOTOKOB, OonpeaeneHHasa TakuM >Xe obpa3om, Kak gnsa dopm, mn3omMmopdHa
1,1

HB’C(M).

SAMEYAHWE: Ona ntoboro ddf-3aMmkHyToro (n — 1,n — 1)-noToka v, u
ntoboii 3aMkHyTOon (1,1)-cbopMbl «, UHTErpan [j;a A 3aBUCUT TONBKO OT
Knacca KOromMonormim o B Hé’é(M) (npoBepbTE 3TO).



KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii
bo4ye4yHble NPOCTpPAHCTBA

OINMPEAOEJIEHUME: MoamMHOXecTBO A C V TOMNONONrMYECKOro BEKTOPHOIroO
NPOCTPaHCTBa Ha3blBaeTCs abcopOunpyroLmnm, ecnm Jyer AA = V. TloaMHO-
»ectBoO A C V Ha3biBaeTcsa 604kou (barrel), ecnn oHO abcopbupytoLlee,
LEHTPANBbHO-CUMMETPUYHOE, BbIMYKJIOE N 3aMKHYTOE.

OMNPEAEJIEHUME: Bo4ye4yHoe npocTpaHcTBO (barreled space) - aTO no-
KaJ1IbHO BbINYKJI0€ MNPOCTPaHCTBO V, Takoe, 41O ntobasa 6bodka A C V co-
OEPKUNT OTKPbITYHO OKPEeCTHOCTb HynAa. NpoCTpaHCTBO b3pa - 3TO Takoe
TOMONIOTrMYEeCKoe MPOCTPAHCTBO, KOTOPOEe Henb3sa pa3butTb B cHeTHOEe OOb-
eJNHEHNE HUrAEe HE NJOTHbIX NOAMHOXXECTB.

SAMEHAHVE: Ecam V — nNokKanbHO BblNyKJ/10€ TOMoJiIorn4yeckoe BeK-
TOPHOE NPOCTPAHCTBO, KOTOpPOEe aBNnsdAeTcsa NpocTpaHCcTBOM bapa, To V
— O6o4e4yHoe. [lencTtBuTenbHO, NyCTb A C V — 6o4ka. Toraa V = [Uy—on AA,
3HAYUT, V Ccoaep>XUT BHYTPEHHIOKD TOYKY x. [lyCTb U S £ COOTBETCTBYHOLWAA
OKPECTHOCTb. Bblnyknasa obonoyvyka MHOoXxecTtBa U U —U OTKPbITA U COAEPKUNT
O (AoKakuTe 3T0).

SAMEYAHWE: TlMpocTpaHcTtBa Ppewe (n, cnegoBatenbHo, baHaxa) sa.-
NnAarTca 6o4edHbiMn. JencTBUTENBbHO, KaXXa0€e NoJiHoe, Hernycroe MmeTpu-
4yeckKoe MNpPOCTPaAHCTBO SABISIeTCA NpPoOCTpaHCTBOM Bapa (Teopema Bapa
O KaTeropuun; gOoKa>kuTte ee).
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

MoHTeneBckmne nNpocTpaHCcTBa

OINMPEAEJIEHUME: lNpeaKOMNAKTHbIM NOAMHO>»XECTBOM HAa3bIBAaeTCA NOA-
MHO>XXECTBO TONONOIrM4YeCKOro NPoCTpPaHCTBA, 3aMblKaHNE KOTOPOIro KOMNaKT-
HO.

OINMPEAOEJIEHVE: Tlyctb K C V - NOAMHOXXECTBO TOMNOJOrMYECKOro BeK-
TOpHOro npoctpaHcTBa (TBIM). Mbl roBopumM, 4To K OrpaHUYeHHO, eCnu
ANna Ka>kaon okpecTtHoCcTn U > 0 HanmaeTca A > 0 Takasa, 4T1o AK C U

ONMPEAOEJIEHUVE: KoMnaKTHbI onepaTop Ha TBI1 ecTb onepaTop, ne-
PEBOAALLNN OFPAHNYEHHbIE MHOXXECTBA B NPEeKOMMNaKTHbIE.

OINPEAOEJIEHUVE: lTpocTpaHCcTBO MoHTensa 31o 6bo4yeyHoe Tonosornye-
CKOE BEKTOPHOE NPOCTPAHCTBO V, BCE OrpaHMYeHHble NOOAMHOXXEeCTBa KOTO-
POro NPeaKoOMNaKTHbI.

SAMEYAHWME: VMHa4ve roBops, MOHTENeBCKOE MNPOCTPAHCTBO €eCTb MNpo-
CTPAHCTBO, TOXAECTBEHHbI onepaTop HA KOTOPOM KOMMAKTEH.

6



KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

MoHTenieBCcKue npocrtpaHcTBa (NpoaosinKeHue)

YTBEP>XAOEHWE: lNycTtb V NnpoCcTpaHCTBO dpeLwle ¢ Tononormen, 3agat-
HOM HABOPOM HOPM v < Vo < 3 < ... MPUYEM TOXXAECTBEHHOE OTOOparkeHune
(V,v;) = (V,v;_1) KOMNaKTHO. Toraa V — NpoCTpaHCTBO MoHTens.

JOKA3SATEJIbCTBO: ToxxaecTtBeHHOe oTOoOpa)>xeHue

(V7 I/27 V37 "') — (V7 1/17 V27 1/37 "')

ABNSA€TCA KOMMNAKTHbIM, notomy 4to (V,v;) — (V,rv;_1) KOoMnakTHO. C
APYrovi CTOPOHbI, 3TO OTObOparkeHne — roMeoMopdPr3mM, NOTOMY 4HTO v < o,
u

NMPUMEP: ToxaecTBeHHOE OTOBpakeHne n3 NpocTpaHCTBA DYHKUMK C HOP-
Mol C' B MPOCTPAHCTBO DYHKUMUIA C Hopmoii C*~1 komnakTHO (Aokakmute
3TO). BbiBeanTE N3 3TOrO, 4TO NPOCTPAHCTBO dPpelue TeCcT-PYHKUNA Ha
MHOrooOpa3unun sABnsAeTCca MOHTEJIEBCKUM.

SAMEHAHUVNE: B 6eCKOHEYHOMEPHOM HOPMEHHOM NPOCTPAHCTBE eaAUNHNY-

Hbl AP HE MOXET ObliTb KOMMNakTeH (" Teopema Pucca"). Noatomy 6eCKOo-

He4YHOMepHoOe NPOCTPAHCTBO MoHTena He MmoXeT ObliTb HOPMEHHbIM.
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

Cnabasa n cunbHas TonoJsiorns Ha V*

OINMPEAOEJIEHUME: lNycTb V - TONONOrNM4YeCKOE BEKTOPHOE MPOCTPAHCTBO, a
V* - NpOCTPAHCTBO HeNnpepbIBHbIX DYHKUMOHaNoB Ha V. Cnabast Tonosiormsa
Ha V* ecTb camas rpybass TONonornsa, B KOTOPOMN HenpepbIiBHbl OTOOPa>KeHnS
(-,x) = R, ona kaxxgoro z € V. CunbHasa tonoJsiornsa Ha V* 3To Tononorus
YHNADOPMHON CXOAUMOCTMN HA OrFPaHUYEHHbLIX NOAMHOXECTBAX.

YTBEPXOEHWE: llyctb V — npocTpaHCTBO MoHTena. Torana cuiabHas
TOonosiormsa Ha V* coBnagaeT Cc Tonosnormem paBHOMEPHON CXOOANMMOCTMH
Ha KOMNAaKTaXx.

YTBEP>XAOEHWE: lNycTtb V - npocTpaHCTBO MoHTens, V* ero ABONCTBEH-
Hoe. Toraa V* — ToXXe NpoCTpaHCTBO MoOHTens.

CJIEAOCTBWE: lNpoCTpaHCTBO NOTOKOB — MOHTeN1IeBCKoe.



KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

PedrekcnBHble NPOCTPAHCTBA

OINMPEAOEJIEHUME: J1oKanbHO BbINYKJ0E TOMNONOMrMYeckoe NpoCTpPaHCTBO Ha-
3blBaeTCa pedeKCUBHbIM, €Cnn eCTeCTBEHHOe oTobparkeHne V — V** (c
CUNbHOW Tononoruner o6a pasa) ABAAETCA U3OMOPHDUIMOM.

SAMEYAHWE: lNyctb V - NpOCTpPaAaHCTBO C Hopmown. [MpocTpaHcTteBo V*
C CUNbHOW TONONOrnen ABNSAETCS, NO NOCTPOEHUID, MOSIHBIM OTHOCUTENTbHO
eCTECTBEHHOW HOPMbI HAa V* (AoKa>kuTe 3T0). NoaTomy BCe ped/ieKCUBHbIE
HOPMEHHbIe NPOCTpPaHCTBA 6GaHAXOBbLI.

SAMEYAHWE: BaHaxoBbl NpOCTpPAaHCTBA He BcCeraa pediekCcnBHbl. Bno-
xeHne V — V¥ gpnaeTca nlomeTtpuer (BbiBEAUTE 3TO U3 TeopeMbl XaHa-
BaHaxa), HO OHO MOXeT He OblTb HaJZIOXKeHUuem.

TEOPEMA: lNpOCTPAHCTBO NOTOKOB ped/1eKCUBHO.

SAMEYAHWVE: 1oka3aTenbCTBO 3TOW TEeopeMbl BbIBOANUTCA U3 MOHTENERO-
CTW NPOCTPAHCTBA MNOTOKOB.



KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii
KanepoBbl NMOTOKW

ONMPEAOEJIEHVNE: KanepoB NOTOK HAa KOMMJIEKCHOM MHOroo6pasumn (M, 1)
3TO NONOXKUTENbHbIN (1,1)-NOTOK = TAKOW, YTO = > wy AN KAKOW-TO dpMU-
TOBOW POPMbI wq Ha M.

Teopema 1: lNyCcTb — KOMNAKTHOE KOMMJIEKCHOE MHOroobpaswue, a [v]
Hlé(M) — KJ1aCC Koromonorui. Torga cneayrouine yreBep>XaeHns paBHO-
cunbHbl: (i) [v] NnpeacTaBumMm KINEPOBLIM MOTOKOM

(ii) [v] yooBneTBOpsieT cneayroweMmy HepaBeHCTBY:

/M[U]A¢>5/Mw/\¢

ANS HEKOTOPOro 4mcna € > 0, n ntoboin NONOXKNTENbHOW, dd-3aMKHyTON (n —
1,n — 1)-cbopmbl ¢ € A~ 1n=1(pr).

NJOKA3ATEJIbLCTBO: lMNycTb v — K3N1EPOB NOTOK, v > cw, a Q€ ALL(M) -
ntobas rnaakasa dopmMa B TOM >Ke KJacce KOromonorum [v] € HBC(M) Torpaa

/Moz/\w>€/Mw/\¢,

ANA Ka>XAon nonoxkutenbHon ddopmbl ¢ > 0. INosTtomy 1 = 2.

JokasaTenbCcTBO 2 = 1 (C ucnonb3oBaHnem XaHa-bBaHaxa) HenpocToe, U A
ero n3naratb He 6yay. m
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

MnopurapMoHnyeckmne noToku

ONPEAOEJIEHUVNE: ®opma (MM NOTOK) « Ha3blBAaeTCsA NMJIOPpUrapMoHunye-
ckoii, ecnn dda = 0. (n—1,n—1)-NOTOK = Ha3blBaeTCsa Hed-NAOPUrapmMo-
HUYECKUM, eC/in = ABNSAETCA nNpeaenomM NocnefoBaTENbHOCTU NONOXKUTENb-
HbIX, dd-3aMKHYTbIX QOPM.

JIEMMA 1: IycTb M - KOMNaKTHOE, KOMMNMAEKCHOE n-MeEPHOE MHOroobpasune,
A - KOHYC (1,1)-hopM «, TakuX, 4TO AASA HEKOTOPOIro 4ncna €q > 0, n nroboii
NONOXKUTENbHOI, ddf-3aMKHYTON (n—1,n—1)-bopmbl ¢ € AP~ L=1(A1), nmeeT
MEeCTO HEPABEHCTBO

/Moz/\w>€a/Mw/\w,

a B - KOHYC Hed-natopurapmMmonnyecknx (n—1,n—1)-notokos. Torana A* = B.

Joka3aTenbcTBO. LLar 1: MNMyctb K° - MHOXECTBO NONOXUTENbHbIX dd°--
3aMKHYTbIX opM ¢ € A"~ 1n=1(A1) yposnetsopsarownx [w Ay = 1, a K
- ero 3aMblkKaHMe B NPOCTPAHCTBE MNOTOKOB. [MockobKy K OrpaHuYeHHoO, a
NPOCTPAHCTBO NOTOKOB MOHTenNeBckoe, K KOMNAakKTHO. KOHYC, HATAHYTbIN
Ha K, coBnagaeT C KOHYCOM B HeM-naAropurapMoHmn4yeckmnx noToKoOB.
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

NMaopurapmoHnyeckme notTokn (NpoaosikeHue)

Joka3aTtenbcTBO. LLlar 1: MNMyctb K° - MHOXECTBO NONOXUTENbHbIX ddf--
3aMKHYTbIX OOpM 1) € /\”_1’”_1(M), yoosnetTeoparowmnx [wAyY = 1, a K
- ero 3aMblKaHMe B NPOCTPAHCTBE MNOTOKOB. [MockobKy K OrpaHuYeHHoO, a
NPOCTPAHCTBO NOTOKOB MOHTeneBckoe, K KOMMNAaKTHO. KOHYC, HAaTAHYTbIWN
Ha K, coBnagaeT C KOHyCOM B Hed-nJropurapMmoHmnyeckKmnx noToKoB.

LLlar 2: MycTb a — (1,1)-cpbopma, KOTOpasa yaOBAeTBOPSET [y ya Ay >0 Ans
NOBO0oIN dd®-3aMKHYTON, NONIOXKUTENbHOW . Toraa alig > 0, a NoCckonbky K
KOMMNAKTHO, UMEEM g > €. DTO PABHOCUNBHO

/Moz/\¢>6/Mw/\w.

3Ha4YuT, o« € A. Mbl nony4inaun, 4To B* C A.

LLlar 3: MNpumMeHnB pednekKCMBHOCTb, MNOAYHYUM N3 3TOoro B = B* O A*.
BnoxeHne B C A* o4eBnAHO, 6O anemMeHTbl B CcnapmBatOTCA C dNEeMeHTaMu
A NONOXKNTENBHO, NOTOMY HTO B — 3aMblKaHNE MHOXECTBA MNOJIOXKUTENbHbIX,
dd®-3aMKHYTbIX (bOpM. DTO AaeT B= A*. m
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

TeopemMma XaHa-baHaxa U KaJ1epoBbl NMOTOKU

TEOPEMA 2: llycTb M - KOMMNAKTHOE, KOMMJIEKCHOE n-MepHOEe MHOIroob-
pasve. O6o3Haumm 3a dbl : ALM — AL komnozuuunio d: AYM — A2M u
npoekunn Ha (1,1)-KOMNOHEHTY. Toraa cneayrowine yTeep>XaeHnsa paBHOCUb-
Hbl. (i) JTto60l Hed-nAopUrapMoHmnyHbii (n — 1,n — 1)-noTok 8 € imdb:1
paBeH Hynto. (ii) Ha M cywecTByeT K3J,1epOoB NOTOK.

Joka3aTenbCcTBO. LLlar 1: lNycTb Ha M cCywecTBYeT K3J1EepoB NOTOK =, U
Hed-NAPUrapMOHUYHbIE noTok B € imdbl, asnarowmniica npeaenom nono-
XKUTENbHbIX NAOPUTAPMOHUYHbLIX hopM B = lim B,. O603Ha4YMM 3a [=] knacc
KOFrOMOOrnii = B Hé’é(M). Mockonbky d= = 0, a 9apo d aHHynupyeT imdil,

Jm[Z=IAB =0.

LLlar 2: o onpeaeneHnto KanepoBa NOTOKaA, CyLWlecTByeT € > 0, Takon, 4TO
I [ZEINB; = e [wAB;. Tlepexoasa k npedeny, nonydaem 0 = [/[=]AB = e [wAP.
3HaunT, [wA B = 0. NOCKONbKY 8 — NONOXXNTENBbHbLIN NOTOK, N3 3TOrMO Cpasy
cneayeT, 4To 8 = 0. Mbl gokasanu, 4To (i) Bnedet (ii).

LLlar 3: lNycTb A — KOHYC B dopMax, onpeaeneHubin B Jlemme 1. 13 Teopembl
1 cnepyeT, 4TO ANkerd = 0 paBHOCWIbHO CyLWEeCTBOBAHUIO K3JiepoBa

NOTOKa.
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

TeopeMma XaHa-BaHaxa n K3nepoBbl NOTOKN (NpoaoJikXeHue)

LLlar 3: lMNycTb A — KOHYC B dopMax, onpeaeneHubin B Jlemme 1. 13 Teopembl
1 cneanyeT, 4TO ANkerd = 0 PpaBHOCUJ/IbHO CyLWleCTBOBaAHUIO K3JiepoBa
NOoTOKa.

Lilar 4: Ecam Ha M He CYWeCTBYET K3J1epoBa NOTOKa, U3 TeopeMbl XaHa-
Banaxa nonyydaem, 4TO cywecTtByeT (n—1,n— 1)-NOTOK ©, KOTOPbIA MNO-
NoXXNUTeneH Ha A M 3aHynsieTcse Ha 3aMKHYTbIX dopmax. Ho Toraa
oLl e B, 1o ectb ©11 — Hedb-nntopUrapMoHuyecknii NOTok B cuay Jlemmbl
1. U3 TouHocTu © cneayeT ©L1 cimdbl. m
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

Hed-nawopurapmoHnyeckme noTokKknm Ha NoBepXHOCTU U dd‘-nemma

SAMEYAHWE: dd°-nemma ansa (1,1)-cbopm yTBEPXKAAET, 4TO Ntobasa ToOYHaAsA
(1,1)-cbopma nexxuT B obpase dd. NHa4ve rosops, dd®-nemma roBopuT, 4TO
eCTeCTBEHHOe OToOpa>keHune Hé’é(M)—>H2(M) ABNAETCA BAOXeHnem. Ha
npowson nekumnm ObiNIOo AOKA3aHO, 4TO AN NOBEepPXHOCTU ddf-nemMmma
paBHOCUJ/IbHA 4e€THOCTU by (M).

VYVTBEP>XOEHWVE: lNycTb M KOMNAEKCHAA NOBEPXHOCTb C YeTHbIM by (3TO
PABHOCUNBHO ddf-nemme), a = — Hed-NAPUrapMOHNYECKNN, dYl1-ToYHbIN

(1,1)-noTok. Toraa = TOYeH.

OJOKA3SATEJIbCTBO: [, =A== [, =V A= 4 ,, =20/ =02 npnuem
BTOPOV MHTErpan HeoTpuuaTeNeH, U 3aHynseTcst Tonbko ecim =02 =0. m
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

Hed-naopurapmoHmnyeckme notTokKkn Ha nNoBepxXHOCTU U dd-nemma
(npoaoskeHune)

MNpumeHasa dd®-nemmy eule pa3, BbIBOAUM U3 3TOro, 4TOo = = dd°f, ANS KaKou-
TO OB0BLWEHHOW DYyHKUMN [ € DO(M). N3 bopmynbl CTOKCA NONYYAEM:

/E/\wz/ ddcf/\w:/ fAddw=0,
M M M

rpe w — MeTpuka [oayLloHa.

CJIEACTBWE: lNycTb M KOMNJAEKCHAA NOBEPXHOCTb C YETHbLIM by (2TO pas-
HOCUNBHO dd®-nemme), a = — Hed-natopurapmonmydeckuii, dbi-tounsiii (1,1)-
NoToOK. Torga = =

CJIEACTBWE: lNycTb M KOMNAEKCHAA NOBEPXHOCTb C YETHbLIM by (2TO pas-
HOCUNBHO ddf-nemme). Torga Ha M cyulecTBYeT K3J1epoOB MNOTOK.
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii
Perynapu3aunsa notTokoB no Jdemaiim

SAMEYHAHUVE: OTmeTuMm, 4TO Ans nto6oro Habopa {g;} ronoMopdHbIX
dbyHKUNA, dbyHkumsa log > ;(|g;|?) naopucy6rapmonmnyHa, To ecTb (1,1)-
noTok dd¢log ¥ ;(|g;|%) nonoxuteneH.

ONMPEAOEJIEHUE: MNMycTb T - 3aMKHYTbIW (1,1)-N0TOK, 3a4aHHbI Kak T =
dd®y, roe 1 - obobuweHHaa pyHKUNK. Mbl TOBOPUM, 4TO 1 UMeeT norapud-
Muyeckune nontoca, ecav ¥ = Mlog >;(|g;|2) +v0, roe g — rnagkas pyHKUNS,
a g; ronoMop®mHble. Mbl roBopum, 4TO 1T° MMeeT JiorapudmMmmnyeckme oco-
GEeHHOCTHN, ecnn ero MOXXHO NOoKasibHO 3a4aTb B Buae 1T = dd%y, roe i —
dDYHKUMA C norapndPmMmnyecKnMmm nontoCamMmmn.

TEOPEMA: (Oemaiin) MycTb T - NONOXKUTENbHbIW, 3aMKHYTbI (1, 1)-NOTOK
Ha KOMMAKTHOM, KOMMJIEKCHOM 3PMUTOBOM MHOroobpasunn (M,w). Torpa
cywiecTByeT nocnenoBaTesibHOCTb NOTOKOB T C J'IOI’aDI/ICDMVI‘-IeCKI/IMI/I
OCOGGHHOCTSIMI/I B TOM >Xe KJjlaCCe KOromMmoJsiorumn HBC(M) npuyiyem 71j >

— dpw, rae 9, crpemutca K 0, n {7} cxoantca K 7' B TONOJIOrnu
NMOTOKOB.

SAMEYAHWE: N3 o2ToN TeopeMbl Cpa3y BblTekKaeT, 4TO T K3NepoBbl Mo-
TOKW, ecnu T' Ka1epoB NOTOK, a J; AOCTATOYHO ManeHbkue. NoaTomMy ecnun
Ha MHOrooo6pa3unn M cyuwlecTByeT KaJiepoB NOTOK, Ha M cyuwiecTByeT
K31epoOB NMNOTOK C JiorapndmMmmyeckmnmm oCoO6eHHOCTAMM.
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

Ka/1epoBbl MOTOKU HA NOBEPXHOCTU U perynsapusaymns

TEOPEMA: (dPopmyna lNyaHkape-JlenoHra) lNycte C — anBnu30op, 3a4aH-
Hbli NOKANbHO ypaBHeHnemM g~ = 0. Torpga %ddclog lgc| = [C]. =

YTBEPXXOEHWE: TlycTb T — K92N1€epoB NOTOK C NorapndpmMmmnyeckmmm oco-
OEeHHOCTAMW Ha noBepxHOCTM M. Toraa Ha M cylleCcTBYEeT K3J1epoB NOTOK
T' ¢ n3onupoBaHHbIMU OCOGEHHOCTSAMMN.

JOKASATEJILCTBO: llycTb Tenepb 1T - K3N1epoB NOTOK C siorapndpmm-
YEeCKMMN OCODEHHOCTAMU HA MOBEPXHOCTU, a Z ero ocoboe MHOXecCcTBO. [0
onpeaeneHnto Z eCTb MHOXXECTBO OOWKUX Hynen ronoMopdHbIX PYHKUNNK g;,
YYACTBYHOLWMX B onpeaeneHnmn norapndmmyieckmnx ocobeHHocTen. Ecnmn Z co-
AEP>KNT KpUBYHO C', NOKANbHO onpeaesieHHYHO PYHKUNEN g C MPOCTbIM HYJNEM
B HeoCOObIX ToYkax C', B OKPECTHOCTMN 3TOWN KPMBOIN BCE PYHKUNWN g; AENATCA
Ha go. MoaTOMYy

Alog Z(|9i|2) = Mlog |gc|® + Alog Z(Igi/gclz)-

B cuny dopmynel MyaHkape-Jlenoxra, ddAlog |go]? = w[C]. MosTomy T =
[C] + T1, roe T Toxxe KaNepoB NOTOK. OTLWENNAA KPUBbIE OAHY 3a APYron,
PAHO MAM NO34HO NOAYYMM NOTOK C M30JMPOBAHHLIMU OCOBEHHOCTAMU. W
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

Perynapu3oBaHHbIA MaKCUMYM

YIMTPAOKHEHWE: TycTtb 1 . R®” - R rnagkaa dyHKUUA, BblINyKNAasa BHU3 U
HeyObIBarOWAaA NO BCEM aprymMeHTaMm, a i, ...,on HAOOP rnaakux naropuncyo-
rapMOHMYECKUX DYHKUNK Ha M. JOoKa>Knute, 4To koMmno3mumsa u(e1, ..., on)
NnJaropuncyorapMoHun4Ha.

ONMPEAOEJIEHUVE: TlyCcTb u R?2 5 R rnagkasa PyHKUMA, BbINYKJAA BHU3
W HeyOblBalOLWAA NO BCEM aprymMeHTam, npuyemMm ansa |z —y| > e, p(z,y) =
max(x,y), n K Tomy *e u(z,y) = uly,z) n uly+ o,z + o) = pu(x,y) Ana Bcex
x,y,a € R. Takaa QPYHKUNA HA3bIBAETCA peryasapm3doBaHHbIM MaKCUMyMOM,
n obo3HavaeTcsa maxe(x,vy)

SAMEYAHVE: 13 npeablaywero ynpa>XHeHnsa cpaly cneayeT, 4To pery-

NSAPU30BAHHbLIA MakcUMyM max:(p, ¢©’) nnropncyébrapMmoHuU4veH, ecam o u
©' NnnropucyébrapmMmoHnNYHbI.
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KomMnaekcHble NOBEPXHOCTU, JeKuns 14 Muiua Bepbuukuii

KanepoBbl NMOTOKN C N30JIMPOBAHHBbIMU OCOOEHHOCTAMMU

YTBEPXOEHWE: llyctb T - K30epoB MNOTOK C U3OJIMPOBAHHbLIMU OCO-
OEHHOCTAMWN HA KOMNNEKCHOM MHOroobpa3um M. Toraa B TOM >Xe KJjlacce
[T] € Hé’é(M) cyuliecTByeT KanepoBa dgropma.

JokazaTtenbcTBo. LLlar 1: lNyCcTb 21,29, ...,2n, - OCOOblEe TOYKN T, A
2
@i = Xog > (|gal?) + vo
(8

COOTBETCTBYyHOWME NOTEHUMANbl, PaBHble —oo B z;, W ONpeaesieHHble B OT-
KPbITbIX MHOXecTBax U; C M BbibpaB U; AOCTAaTOYHO MaJIEHbKUM, MO>XHO
NMPUMEHUTbL JIOKAJIbHYIO dd®-nemMmmy, U NONy4YnTb, YHTO HA HEM €CTb KIJ1EPOB
noTeHumnan Y, TO €CTb Takaa PYHKUNA, HTO popMa ddy KINepoBa.

LLlar 2: Jlerko BuaeTb, 4To ana A < 0, doyHkunsa maxe(A + 1, ;) paBHa y;
BHE KOMMAKTHOW OKPECTHOCTU z; € U;, N rnaaka Bcroay Ha U;. 2Ta DYyHKUNSA
NAOPUCYBrapMoHNYHa B CUy CBONCTB pPerynsipu3oBaHHOro Makcumyma.

LiLlar 2: 3ameHum T Ha dd° max:(A 4+, ;) BHYyTpu U;, OCTaBUB €ro Kak eCTb
BHe U;, Mbl NONy4YUM CTPOro noNOXKUTENbHbIN, 3aMKHYTbIN NOTOK, HEOCOObLIN
B U; (npoBepbTe). NMOBTOPUB 3TY onepauuro BO BCeX z;, Mbl MOAYyYUM
KoniepoBy popmy. =

20



