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Curvature (reminder)

DEFINITION: Let V: B—B® ALM be a connection on a vector bundle
B. We extend V to an operator

v LA M) eV S A2 eV S AS(M) eV s

using the Leibnitz identity V(n ® b) = dn + (=1)"p A Vb. Then the operator
V2: B— B® A?(M) is called the curvature of V.

REMARK: The algebra of differential forms with coefficients in End B
acts on A*M® B via n®a(n’®b) = nAn'®a(b), where a € End(B), n,n’ € AN*M,
and b € B.

REMARK: V2(fb) = d2fb+ df AVb—df AVb+ fV2b, hence the curvature
Is a C°°M-linear operator. We shall consider the curvature B as a 2-
form with values in EndB. Then V2 := ©5 € A°M ® End B, where an
End(B)-valued form acts on A*M ® B as above.
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Conventions

Let B be a holomorphic Hermitian bundle, and V = 0+ v10 its Chern con-
nection. In this lecture, I would use 9 instead of V1.0,

As usual, we define the sequence
v S A M) eV S A2 eV S AS(M) eV s
using the Leibnitz identity V(n ® b) = dn + (—1)n A Vb.

Here the operators V are denoted by dy, their (1,0) and (0,1)-parts dy and
Ev. To simplify notations, I shall often omit the subscript v .

T hese conventions are sloppy but more or less standard.
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Hodge theory with coefficients in B (reminder)

PROPOSITION: Let B be a holomorphic Hermitian bundle on a Kahler
manifold, and V = 9 4+ 0 its Chern connection. We use the same letters 0,
0 for the Hodge components of dy : AY(M) ® B— A'T1(M) ® B. Then on
B-valued differential forms, the following relations hold.

IN,O] =+v/—=10", [AD]=—-—-10% [L,]=—-/-10, [L,0]=+-10.
DEFINITION: Let §: APY(M) ® B— AP4t1(M) ® B be the holomorphic
structure operator, extended to differential forms using the Leibniz identity.
The anticommutator Ay :={9,8"} = 99" 499 is called Dolbeault Laplacian
with coefficients in B. It is self-adjoint, positive elliptic operator: (Agx,ac) =
(0xz,0z) + (87x,0 ).

Hodge theory with coefficients in a bundle: There is a basis in the
Hilbert space L2(A*(M) ® B), consisting of eigenvalues of A, and each
eigenspace is finite-dimensional.

Elliptic regularity: Each eigenvector of Az on L2(A*(M)®B) is a smooth
form.

THEOREM: The space of Ag—harmonic forms is identified with the

Dolbeault cohomology with coefficients in B, that is, with ‘iﬁg. We
denote the (p, q)-part of Dolbeault cohomology by HP9(M, B).
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Serre’s duality (reminder)

REMARK: The operator x 1 APY(M) R0,; B— A""P"T (M) R0, B* ex-
changes d and £8°. Therefore, it preserves the space kerA of 9-harmonic
forms.

REMARK: By definition, H*(Q"M) = A" (M) Stokes formula implies that

im o
[270(a) = 0 for all a. This gives a natural map H*(Q"M) ~—= fM

THEOREM: (Serre’s duality)
Let M be an n-dimensional, compact complex manifold, and B an Hermitian
holomorphic bundle. Then the multiplication

HY(PM @ B) x H" Y(Q" PM @ B*) — HY(Q"M) fM

defines a non-degenerate pairing.

Proof: Indeed, for each n € ker Ay, the form xn also belongs to ker Az, but
[arn A xn > 0, hence this pairing is non degenerate. m

COROLLARY: (Serre’s duality for p =n) Let M be a compact complex
manifold, dimg¢ M =n. Then HY(B) £ H" “(B*® K;;)*, where K,; = Q"M.

DEFINITION: Kp; = Q"M is called canonical bundie.
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Schedule for April and May

Lectures: Misha Verbitsky (April 14, May 16)
Ekaterina Amerik (April 18, 21, 25)

Exam: Saturday, May 19.
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Laplacians and curvature

REMARK: Curvature of Chern connection: ©5 = {V10, 8}, in the present
notation it's ©5 = {9, d}.

THEOREM: (Bochner-Kodaira-Nakano identity)
AE = Ay+ Hp, where Hp := —/—1 [/\, @B]

Proof: Super-Jacobi identity gives

=/—=1{97,0} —vV=1{0",0} = V-1 05— V=11,

REMARK: The operators A5 and Ay are positive. Therefore, if (Hgx,x) >
0, one has (Agzz,z) > 0. If (Hgxz,x) > 0 for all z, the operator Az has no
kernel, and the corresponding cohomology group vanishes.
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Positive line bundles

DEFINITION: A holomorphic line bundle is called positive if its first Chern
class is cohomologous to a Kahler form.

Theorem 1: (Kodaira-Nakano) Let L be a positive line bundle on a compact
Kahler manifold. Then for any bundle B there exists N > 0 such that
HY(B® LN) =0 for all i > 0.

Proof: We deduce Theorem 1 from Theorem 2 below.

Theorem 2: (Kodaira-Nakano) Let B be a holomorphic Hermitian line bun-

dle on n-dimensional Kdhler manifold, ©p its curvature, and Lg , : N* (M) — A*(M)
the operator of multiplication by ©p. Suppose that the self-adjoint operator

Hp := /-1[Lg,, ] satisfies (Hg(x),z) > 0 for any non-zero k-form z, k > n.
Then HP(B® QIM) =0 for all p+ g > n.

Proof: Az = Ay — Hpg, which gives (Azz,z) = (Apz,z) — (Hpz,z) > 0. =
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Kunihiko Kodaira

Kunihiko Kodaira (1915-1997)
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Negative line bundles and cohomology

REMARK: For any vector bundles E, F' with connections, their curvatures are
related as Opgr = O+ O©Fr. Also, if L is a line bundle, one has O« = -0y .

DEFINITION: Let L be a line bundle such that L* is positive. Then L is
called negative.

REMARK: Suppose that L is a negative line bundle on (M,w), and v/—1 w
the curvature of L. Then Hy, :=+/-1[Lg,,A\] = H. On k-forms Hj, acts as
multiplication by k£ —n. Therefore, L satisfies conditions of Theorem 2,
and HP(L® QIM) =0 for all p 4+ g > n.
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Kodaira-Nakano theorem: the proof

REMARK: Suppose L is a negative vector bundle, with Hy = —\/—1[L@L, N =
H. The operator Hrgr is expressed as Hpgp = Hp + Hp. This gives
HB@LN = Hp— NH. For N > a, where « is the biggest eigenvalue of Hg, we

have
(Hpg v, x) = (Hpz,z) + N(n — k)|z|? > 0.
Then Theorem 2 gives HP(LN @ B® QIM) =0 for all p+ ¢ > n.

COROLLARY: Let L be a negative line bundle. Then for all vector bundles
B with Chern connection, there exists N > 0 such that HY (LY ® B) =0
for all : > 0.

Proof: Apply the previous corollary to B* ® K,s, and use the Serre’'s duality

0=H""(ILN@B*®@ Q™M) = H(B® L~ V)*

REMARK: We have proved Theorem 1. =
11
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Forms realized as a curvature (reminder)

Proposition 1: Let w be an integer (1,1)-form with integer cohomology class
on a compact Kahler manifold. Then w is a curvature of a holomorphic
line bundile.

Proof. Step 1: Exponential exact sequence O — Z; — Oy — O}kw — 0
gives

HY(0%) -5 H?2(M,7) 25 H?(M,0y)),

where Hl(O}"M) = Pic(M) is the group of holomorphic line bundles, ¢ maps
a bundle to its first Chern class, and p projects HQ(M) to its Hodge compo-
nent H2(M,O,;) = H%2(M). Then for any integer class [w] € Hb1(M) N
H?(M,Z), there exists a line bundle L such that [w] = ¢1(L).

Step 2: Take any metric h on L. Its curvature wy is a closed (1,1)-form,

cohomologous to w. By dd°-lemma, wj, —w = —289f for some f € C®°M.
By Corollary 1, curvature of b/ := ¢2/h satisfies w;, — w;, = —209f, giving
wp! = W. |
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Base points of line bundles

DEFINITION: Let L be a holomorphic line bundle on M. A point x € M is
called base point for M if any global section of L vanishes in z, that is, if
it does not generate the stalk L, over the ring of germs OM,x-

A bundle is called base point free if it has no base points.

EXAMPLE: Let ccn+1\o s CP"™ be the natural projection. For each point
r € CP", the fiber 7~ 1(z) is C* C Iz, where [; is the line associated with z.
Denote by O(—1) the bundle with the fiber [, in each x € CP™. Each line
functional on C*T1 defines a line functional on each [, which holomorphically
depends on z. This means that the dual line bundle, denoted O(1), is
base point free.

REMARK: Let L be a base point free line bundle, and m,; C (’)M,aj the
maximal ideal of a point x € M. Consider the fiber L|; := Ly/my. It is
a vector space over C of rank 1. A map HO(M,L)—>L:,j taking f to fl.
defines a map ¢z € Homg(HO(M, L), L|;) &£ HO(M,L)*. The isomorphism
Home(HO(M, L), L|,) &£ HO(M, L)* is defined only after we fix an isomor-
phism L|, = C, that is, up to a constant multiplier. Therefore, the map
r —» 1, defines a holomorphic map ¢ : M — PHO(M, L)*. This map is
well-defined only if L is base point free.
13
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Very ample line bundles

CLAIM: Let L be a base point free holomorhic line bundle on M, and ¢ :
M — PHO(M, L)* the natural map defined above. Then L = o*(O(1)).

Proof. Step 1: This statement is essentially a tautology: global sections
of O(1) on PV are identified with V*, hence global sections of ¢*(O(1)) are
identified with HO(M, L).

Step 2: To see that this identification is carried over to the corresponding
sheaves, we consider the tautological line bundle O(—1) with the fiber [, at
each = € IPHO(M, L)*. By construction, I; is dual to L|;, and this duality is
holomorphic on z, hence p*(O(—1)) = L*. =

DEFINITION: A line bundle L is called very ample if it is base point free, and
the corresponding holomorphic map ¢ : M —>]P’HO(M, L)* is an embedding.
It is called ample of L®Y is very ample for some N > O.

DEFINITION: A complex manifold is called projective if it admits a holo-
morphic embedding to CP™.
14
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Kodaira embedding theorem

COROLLARY: Let (M,w) be a compact Kahler manifold such that the
cohomology class of w is rational. Then M admits a positive line bundle.

Proof: Let nw be a Kahler form proportional to w with integer Kahler class.
Then nw is realized as a curvature of a holomorphic line bundle (Propo-
sition 1). This line bundle is positive. =

THEOREM: (Kodaira) A positive bundle is ample.
Proof: (will be proven later in April) m

COROLLARY: (Kodaira embedding theorem)
A compact Kahler manifold M is projective if and only if it admits a
Kahler form with rational cohomology class.

Proof: Using the Corollary above, we obtain that M admits a positive holo-
morphic line bundle L, and the theorem of Kodaira above implies that L is
ample, hence L®N defines a projective embedding.

Conversely, if M C CP"™ is a projective manifold, the cohomology class of
Fubini-Study form is proportional to a rational class, hence M admits a Kahler
form with a rational cohomology class. m
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