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Curvature (reminder)

DEFINITION: Let V: B—B® ALM be a connection on a vector bundle
B. We extend V to an operator

v LA M) eV S A2 eV S AS(M) eV s

using the Leibnitz identity V(n ® b) = dn + (=1)"p A Vb. Then the operator
V2: B— B® A?(M) is called the curvature of V.

REMARK: The algebra of differential forms with coefficients in End B
acts on A*M® B via n®a(n’®b) = nAn'®a(b), where a € End(B), n,n’ € AN*M,
and b € B.

REMARK: V2(fb) = d2fb+ df AVb—df AVb+ fV2b, hence the curvature
Is a C°°M-linear operator. We shall consider the curvature B as a 2-
form with values in EndB. Then V2 := ©5 € A°M ® End B, where an
End(B)-valued form acts on A*M ® B as above.
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Holomorphic bundles (reminder)

DEFINITION: Holomorphic vector bundle on a complex manifold M is a
locally trivial sheaf of Oy/-modules.

DEFINITION: The total space Tot(B) of a holomorphic bundle B over
M is the space of all pairs {x € M,b € B;y/mzB}, where B, is the stalk of B
in £ € M and m; the maximal ideal of z. We equip Tot(B) with the natural
topology and holomorphic structure, in such a way that Tot(B) becomes a
locally trivial holomorphic fibration with fiber C", »r = rk B.

REMARK: The set of holomorphic sections of a map Tot(B) — M is
naturally identified with the set of sections of the sheaf B.

CLAIM: Ler B be a holomorphic bundle. Consider the sheaf Booo 1= B ®p,,
C>*M. Then Bgo~ iIs a locally trivial sheaf of C"°°M-modules.

DEFINITION: Box is called smooth vector bundle underlying the holo-
morphic vector bundle B.

REMARK: The natural map Tot(B) — Tot(Bgx) is a diffeomorphism.
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0-operator on vector bundles (reminder)

DEFINITION: Let B be a holomorphic vector bundle on M. Consider an
operator 0 : B — Booo @ AOL(M) mapping b® f to b® df, where b is a
holomorphic section of B, and f smooth. This operator is called a holomor-
phic structure operator on B. It is well-defined because 9 is O,,-linear,
and Bgee = B ®p,, C°M.

DEFINITION: A 0-operator on a smooth comglex vector bundle V over

a complex manifold is a differential operator V. -2 AOL(M) @ V satisfying
A(fb) =a(f) @b+ f(b) for any f € C®°M,be V.

REMARK: A §-operator can be extended to 0 : A%"(M)®V — A% T1(M)®
V, using the Leibnitz identity 0(n®b) = 0(n) @b+ (—=1) AO(b), for all be V
and n € A9 (M).

THEOREM: (Malgrange) Let §: V— A%1(M) ® V be a d-operator on a
complex vector bundle, satisfying 5° = 0, where 9 is extended to

v L A% ev <L A2 eV - AO3n eV 2

as above. Then B := kerd C V is a holomorphic bundle of the same
rank, and V = Br.
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Chern connection (reminder)

DEFINITION: Let V be a smooth complex vector bundle with connection
V: V—AY (M) ® V and holomorphic structure 9 : V — A%L(M) @ V.
Consider the Hodge type decomposition of V, V = V01 4+ v1.0 where

Vol v A%l ev, vi0: v— ALY eV

We say that the connection V is compatible with the holomorphic struc-
ture if V91 = 9.

DEFINITION: A holomorphic Hermitian vector buncle is a smooth com-
plex vector bundle equipped with a Hermitian metric and a holomorphic struc-
ture.

DEFINITION: Chern connection on a holomorphic Hermitian vector bundle
IS @ unitary connection compatible with the holomorphic structure.

THEOREM: Every holomorphic Hermitian vector bundle admits a Chern
connection, which is unique.

REMARK: When people say about “curvature of a holomorphic Hermitian
line bundle”, they speak about curvature of a Hermitian connection.
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Curvature of Chern connection (reminder)

REMARK: [dv,{dv,dv}] = [{dv,dv},dv] -+ [dv,{dv,dv}] = 0 by the super
Jacobi identity. This gives the Bianchi identity: dgy(©p An) = O Ady(n),
giving dy(©p) = 0.

REMARK: When B is a line bundle, End(B) is trivial, and ©p is a 2-form.
In this case dy =V and ©p iIs closed.

DEFINITION: When B is a line bundle, the cohomology class of ——V;1@B
is called first Chern class of B, denoted c¢q(B).

THEOREM: The exponential exact sequence 0 — Zy; — C*°M — (C*°M)* — 0
7

gives an isomorphism H1(M,(C®M)*) —L H2(M,Z). Let L be a line bundle
associated with a cocycle n. Then the image of ¢f(n) in H2(M,R) is ¢1(L).
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Supersymmetry in Kahler geometry (reminder)

Let (M,I,g) be a Kaehler manifold, w its Kaehler form. On A*(M), the
following operators are defined.

0. d, d*, A\, because it is Riemannian.

1. L(a) ;= wAa, AN(a) ;= %L *«. It is easily seen that A = L*.

3. The Weil operator W‘,\p,q(M) =+v—1(p—q)

THEOREM: (Kahler package)

These operators generate a Lie superalgebra a of dimension (5|4), acting
on A*(M). Moreover, the Laplacian A is central in a, hence a also acts on
the cohomology of M.

The odd part of this algebra generates an odd Heisenberg superalgebra
(d,d’, d*, (d°)*, A), with the only non-zero anticommutator {d, d*} = {d¢, (d®)*} =
A.

The even part of this algebra contains an sl(2)-triple (L, A, H) acting on a°99 as
on a direct sum of two weight 1 representations ( “Kodaira relations”). The
Weil element commutes with (L,A, H, A) and acts on a®99 via [W,d] = d¢,
[W, d*] = (d°)*.
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Coordinate operators (reminder)

Let V be an even-dimensional real vector space equipped with a scalar prod-
uct, and w1, ...,v2, an orthonormal basis. Denote by ey, : AFV — ATV an
operator of multiplication, ey (n) = v; A7n. Let iy, : APV — A¥=1V be an
adjoint operator, iy, = *eqy, *.

CLAIM: The operators ey, w,;, Id are a basis of an odd Heisenberg Lie
superalgebra $, with the only non-trivial supercommutator given by the
formula {ey;,iv, } = 9; ;1d.

Now, consider the tensor w = Y7 ;vp;_1 A vy, and let L(a) = w A «a, and
N\ = L* be the corresponding Hodge operators.

REMARK: Relations in § imply that H := [L,A] = [ euy;_1€ug;, X vy _yivg| =
21 esiv; — Y27 iyeq; IS the scalar operator acting on k-forms as multi-
plication by n — k.

COROLLARY: The triple L,\, H satisfies the relations for the standard
generators of s((2): [L,A] = H, [H,L] = 2L, [H,\] = —2A.
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Kodaira identities (reminder)

THEOREM: Let M be a Kahler manifold. One has the following identities
(“Kahler idenitities”, ‘“Kodaira idenities”).

IN,O] =+v/—-10", [L,0]=—-/—-10* [NO]=—-/-10, |[L,0]=+-10.

Equivalently,

A, d] = (d°)F, [L,d"] = —d°, A, d°] = —d7, [L, (d)*] = d.

Proof. Step 1: The first set of identities implies the second set. Indeed,
by adding up appropriate identities in the top set of their complex conjugate,
we obtain ones in the bottom set; for example, adding [A,8] = v/—1 8" and
N, 0] = —/—10*,, we obtain [A,d] = (d°)*. Each of top identities is related to
the other three by complex conjugation or by Hermitian conjugation, hence
they are all equivalent. Each of the bottom identities implies the rest by
Hermitian conjugation and conjugating with I. Finally, [A,8] = /=19  can
be obtained as a sum of [A,d] = (d°)* and [A,d] = —d* with appropriate
coefficients. We obtained that all Kodaira identities are implied by just
one, say, [L,d*] = —d°.
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Kodaira identities 2 (reminder)

Proof. Step 1: We reduced the Kodaira identities to just one, [L,d*] =
—d°.

Step 2: Let ¢ : A'M ® A'M — A*T1(M) be the multiplication, and 7 :
ANM @ ANLM — A=1(M) the map that takes aw A @ and puts it to *(xa A 0).
In other words, J takes a tensor a ® 6, with a € A'M and 0 ¢ /\1M, uses the
metric g to produce a vector field X from 0, and maps o to asX (convution
of o and X).

Step 3: Let V be the Levi-Civita connection. Then da = ¢(V(«)), because V
is torsion-free. Since d* = xdx, one has d*(a) = J(V(«)). Let 1,91, ..., Tn,yn €
AL M be an orthonormal basis such that w = Y x; Ay;. Then J3(V(a)) =
>ite,(Va,a) + iy, (Vy,a). Taking a commutator with L = > ez.ey, and using
the commutator relations between e, and i, found earlier, we obtain

[L,d"] = Z Va,lex;ey,, ta;] + Vy,lex;ey,, iy;] = Z Vy;ex; — Va;ey;
i i
(the operator V,, commutes with L, because w is parallel). However,

Z vyiexi o ineyi = —1 (Z va:iea:i + vyieyi) = —dc
) )

which gives [L,d*] = —d°. =
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Conventions

Let B be a holomorphic Hermitian bundle, and V = 0+ v10 its Chern con-
nection. In this lecture, I would use 9 instead of V1.0,

As usual, we define the sequence
v S A M) eV S A2 eV S AS(M) eV s
using the Leibnitz identity V(n ® b) = dn + (—1)n A Vb.

Here the operators V are denoted by dy, their (1,0) and (0,1)-parts dy and
Ev. To simplify notations, I shall often omit the subscript v .

T hese conventions are sloppy but more or less standard.
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Kodaira relations

PROPOSITION: Let B be a holomorphic Hermitian bundle on a Kahler
manifold, and V = 0 4+ 9 its Chern connection. On B-valued differential
forms, the following relations hold.

IN,O] =+v—-108", [AJ]=—-/—-108% [LI]=—-/-18, [L,35]=+-10.
Proof: It suffices to show, for example, that [L,0*] = —v/—10. Let ¢ :
NM @ B AN M—NTL(M) @ B denote the multiplication map, and 7 :
N'M® BN M — AN—1(M) ® B denote the convolution with the dual vector
field. Then 0(n) = ¢%1(8(n)), and 8*(n) = 3-19(n)). Here 8, 9 are (0,1)
and (1,0)-parts of the connection in A*(M) ® B induced from the Levi-Civita
connection on A*(M) and the Chern connection on B.

Step 2: Since V commutes with L, we have [L,0*] = [L,319] o V, where
L: NMIANM®B — AN"T2M @ALM ® B acts on the first component. Taking
an orthonormal basis z; in ALO(M), we obtain L = —/—1 Y ezez,. Using the
relations in the odd Heisenberg algebra, we obtain [e;,J] = 1. This gives
[L, 3720 (z; @ n) = —v/~1ez [L,371°1(z;®@n) =0, hence [L, 57 0l(a®n) =
—/=1e¢%(a®n).

Step 3: Comparing the results of step 1 and 2, d(n) = ¢%1(d(n)), and
o*(n) = 371900(n)) with [L,7710(a®n) = —v/-1e¢%(a ® 1), we obtain
[L,0%] = —v/—10. m
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Hodge theory with coefficients in a bundle

DEFINITION: Let §: APY(M) @ B— AP4t1(M) ® B be the holomorphic
structure operator, extended to differential forms using the Leibniz identity.
The anticommutator Az 1= {8,8"} = 99" 40879 is called Dolbeault Laplacian
with coefficients in B. It is self-adjoint, positive elliptic operator: (Agac,af;) =
(0xz,0z) + (87x, 0" ).

Hodge theory with coefficients in a bundle There is a basis in the
Hilbert space L2(A*(M) ® B), consisting of eigenvalues of A, and each
eigenspace is finite-dimensional.

Elliptic regularity Each eigenvector of Az on L2(A*(M)® B) is a smooth
form.

DEFINITION: A B-valued form n is called Ag-harmonic if n € Agy.

REMARK: If A, B holomorphic vector bundles, A® B means AQpy B. If A
is smooth, B is holomorphic, A ® B means A ®np); B. If both A and B are
smooth bundles, A ® B means A ®c«)s B. The ranks of the bundles are
Mmultiplied in all three cases.
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Dolbeault cohomology with coefficients in a bundle

THEOREM: The space of Ag—harmonic forms is identified with the

Dolbeault cohomology with coefficients in B, that is, with ‘:renrg. We
denote the (p, q)-part of Dolbeault cohomology by HPY(M, B).

Proof: Since A5 is elliptic, A*(M) = im Ag@ ker Ag. This gives an orthogonal
decomposition A*(M) = imd @ ker Az & imd". Since imd" = (kerd)L, this
decomposition identifies ker Ag with cohomology of 9. =

CLAIM: The cohomology HP4(M,B) are identified with the HY(B ®
QPM), where QPM is the sheaf of holomorphic p-forms.

Proof: The sequence of sheaves

0 PM®BsANPM 2B 25 APV ® BO — AP2M @ B

is exact by Poincaré-Dolbeault-Grothendieck lemma, hence it gives an acyclic
resolution of QP(M) ® B, and cohomology of its global sections are identified
with the cohomology of the sheaf B® 2PM. =
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Serre’s duality

REMARK: The operator x 1 APY(M) R0,; B— A""P"T (M) R0, B* ex-
changes d and £8°. Therefore, it preserves the space kerA of 9-harmonic
forms.

REMARK: By definition, H*(Q"M) = A" (M) Stokes formula implies that

im o
[270(a) = 0 for all a. This gives a natural map H*(Q"M) ~—= fM

THEOREM: (Serre’s duality)
Let M be an n-dimensional, compact complex manifold, and B an Hermitian
holomorphic bundle. Then the multiplication

HY(PM @ B) x H" Y(Q" PM @ B*) — HY(Q"M) fM

defines a non-degenerate pairing.

Proof: Indeed, for each n € ker Ay, the form xn also belongs to ker Az, but
[arn A xn > 0, hence this pairing is non degenerate. m

COROLLARY: (Serre’s duality for p =n) Let M be a compact complex
manifold, dimg¢ M =n. Then HY(B) £ H" “(B*® K;;)*, where K,; = Q"M.

DEFINITION: Kp; = Q"M is called canonical bundie.
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Schedule for April and May

Lectures: Misha Verbitsky (April 14, May 16)
Ekaterina Amerik (April 18, 21, 25)

Exam: Saturday, May 19.
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