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Introduction

The purpose of this article is to study surfaces of class VII,. A compact complex
surface is in class VII, if it is minimal and if its first Betti number is equal to one.
Surfaces of class VII, with nonconstant meromorphic functions were completely
classified by Kodaira [12] while surfaces of class VII, with second Betti number
equal to zero were deeply studied by Inoue [4]. In this article we consider those
surfaces of class VII, with positive second Betti number (hence having no
meromorphic functions except constants). Now we have many examples of such
surfaces — surfaces with global spherical shells [5, 6,8, 19, 20]. Some of them are
known as Inoue surfaces — parabolic, hyperbolic or half Inoue surfaces. Our main
theorem is that a surface of class V 11, is a parabolic ( or a hyperbolic, or a half) Inoue
surface if it has an elliptic curve and a cycle of rational curves (or two cycles of rational
curves, or a cycle of rational curves whose irreducible components generate the second
homology group of the surface with rational coefficients). We also classify surfaces of
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class VII, with elliptic curves and surfaces of class VII, with b, equal to one having
curves. The known characterizations of surfaces of class VII; are summarized in
(10.3). This would be probably a modest step toward the complete classification of
surfaces of class VII, with b, positive.

The most part of the results of this article have been announced in [19, 20]. The
errors in [19] are corrected in (10.3).

The article is organized as follows. In §1 we recall the definitions of Inoue
surfaces with b, positive. In §2, we study curves and their configurations on a
surface of class VII,. Any surface of class VII, has at most finitely many rational
curves, each with at worst an ordinary double point, or finitely many nonsingular
elliptic curves provided that it has no meromorphic functions except constants. The
number of elliptic curves and cycles of rational curves on it is then at most two in
total. In §3 we study meromorphic one forms with logarithmic poles with
coefficients in flat line bundles. We verify two important lemmas (3.11) and (3.12). In
§84-6 we consider mainly those surfaces of class VII, with either a pair of an elliptic
curve and a cycle of rational curves or a pair of cycles of rational curves. We show in
§4 that the cycle(s) of rational curves is deformed into a nonsingular elliptic curve
by deforming the surface. It is shown in § 5 that a small deformation of the surface is
a blown-up primary Hopf surface if it has two elliptic curves. Moreover we verify in
§6 that there is a duality between two cycles of rationsl curves on the surface of class
VII,, if they exist — duality theorems (6.1), (6.8), (6.9). This may be viewed as a
geometric explanation for part of the duality in [17]. §§7-9 are devoted to proving
main theorems (7.1), (8.1) and (9.1) — characterizations of parabolic, hyperbolic or
half Inoue surfaces. In §10 we classify surfaces of class VII, with elliptic curves. A
classification table of surfaces of class VII; with curves is drafted in (10.3) by
combining the results of Enoki [2] and this article. In §11 we classify surfaces of
class VII, with b, equal to one having curves. In §12 some of the results in §4 and §5
are generalized. We show that any surface of class VII, with an anti-pluricanonical
divisor is a (global) deformation of a blown-up primary Hopf surface.

We would like to thank Masahisa Inoue and Masahide Kato for their encouragement. The
discussions and correspondence with Kato during the preparation of the article were always stimulating
and invaluable.

Notations

C (the ring of ) complex numbers

C* C — {0}, (the group of) nonzero complex numbers
R {the ring of) real numbers

Q (the ring of) rational numbers

Z (the ring of) integers or the infinite cyclic group
H {zeC; Im(2) > 0}, the upper half plane

S(t,n) a parabolic Inoue surface, see (1.1)

Sin a hyperbolic Inoue surface, see (1.4)

Sian+ 1 a half Inoue surface, see (1.6)

S, S* compact complex surfaces
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O the sheaf of germs over S of holomorphic functions

o the sheaf of germs over S of nonvanishing holomorphic functions
QF the sheaf of germs over S of holomorphic p-forms

O the sheaf of germs over S of holomorphic vector fields

Qs see (3.11), (7.7)

Q4 (log D) the sheaf of germs over S of meromorphic 1-forms with logarithmic

poles along D, see (3.1)
Os(—logD) Hoome (Qs(log D), Os)

[D] the complex line bundle associated with a divisor D
K K¢ K, the canonical line bundle of S; of &
Os(—D) the sheaf of germs over S of holomorphic functions vanishing on (an
effective divisor) D
Op Os/0s(— D)
%, Lp F Q4,0p, L Oy 0p for a coherent sheaf % and a line bundle L
hi(S, #) dimc H(S, %) for a coherent sheaf % on S
2
(S F) L (DS #)
q=0
h?4 (S, Q)
b;, b;(S) the i-th Betti number of S
b, (C) 1 (irreducible components of C) for an effective divisor C
4
1 ($) > (—1)'5;(S), the Euler number of §
i=0
7, (S) the fundamental group of S

N(S), n(S) see (3.6)

§1. Inoue surfaces

The purpose of this section is to recall definitions of Inoue surfaces from {5, 6] for
the use in §§7-9.

(1.1)  Parabolic Inoue surfaces. Let ¥, = SpecC [x;, ,], ¥ = SpecC [w, w™ 1, x]
(k €Z). Define a complex manifold & by patching %, and ¥ by the relations;
Xea1= Vi L Veer = % Vi»
W=X e, X =00V
Xe=wkx, yy=wktix1,
Define a transformation g(¢) of & by

gD U- ) =Y, g)(V)=7,

g(0: (1, Y1) = (i ) = (T %1, 5 ),

g (w, x) » (W', x) = (1w, wx)
where 0 < {¢| < 1. Let G,= {g(r)™; meZ}. Then G, acts properly discon-
tinuously and freely so that we have a quotient S (¢, n) .= &/G,. We call S(¢", n) a
parabolic Inoue surface. It turns out that S(¢", n) depends only on " and # (see

(1.3)).
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Let C, be a nonsingular rational curve defined by
ConUy_1:x_,=0, CnU.:y,=0,
andlet C = ) C,.G,transforms C onto C. The quotient Z = C/G, is a cycle of n

keZ
rational curves. Let D be a divisor defined by

Dn,=¢, Dn 7. x=0.

Then D is transformed by G, onto itself and the quotient E:= D/G, is a nonsingular
elliptic curve with E2 = —n.

(1.2) Theorem [5]. S(t,n) is a VI, surface with b, = n having no meromorphic
Jfunctions except constants. There are an elliptic curve and a cycle of n rational curves
on S(t,n).

(1.3) Let &, %,, ¥ and x,, y,, w, x be the the same as in (1.1). Then we define a
transformation g, (¢) of & as follows;

gn(t) (%k—n) = oZlk& gn(t) (1/) = V’
gn(t): (xk—rn yk—n) - ('xl’(s yl,() = (tﬁnkxk—na tn(k+1)

£a(0): (9,%) > (W', x') = ("W, w"x)

yk~n)’

where 0 < |f| < 1. Let GF = {g,()"; meZ}. Then G} acts on & properly
discontinuously and freely so that we have a quotient &/G} which turns out to be
isomorphic to S(¢", n). In fact, defining a transformation s of & by

h(#) =, h(V)=7,
h: (i, pi) = (Xis i) = (1707 D2 x0T DEFLIZ g,
h: (w,x) =» (W, x) = (" 2w, x),
we have g, ()0 h = ho g(¢)". This 4 induces an isomorphism of S (¢", n) with &/G}.

(1.3) Hpyperbolic Inoue surfaces ( Inoue-Hirzebruch surfaces). Let w be a totally
real quadratic irrationality with @ > 1 > o’ > 0. We define M(w) =Z + Zw,
U(w) = {xeQ(w); xM(w)=M(w)}, UN(w)={xeU(w); x>0,x'>0}. It is
known that U* (w) is a subgroup of U(w) of index at most two, both U(w) and
U™ (w) are infinite cyclic groups. We say that M(w,) and M (w,) are strictly
equivalent if there exists 6 € Q (w,) such that 6 M (w,) = M(w,), >0, ' > 0. By
[6, Proposition (1.1)], there exist w* and f,€Q(w) such that f, >0, B; <0,
BoM(w) = M(0w*) and w* > 1> w*' > 0. This M(w*) is unique up to strict
equivalence (see ibid.). These f§, and w* are given more explicitly as follows. Let the
modified continued fraction expansions of w and v~ ! be

w = [[no’nla ”"nro—I]]
w_l = [[e()s 'Haet-—ls my, ", mso—l]]

where r, and s, are the smallest periods of the expansions. The integers n; and m,
are greater than or equal to 2 and at least one n, and at least one m, are greater than
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2. Let

a)*:[[mO’mla“.vmso—l]]’
_ (n,- 1] [ny 1 _[ab®
No | -1 o] [—1 0 cd]|’
Nt — [mey 1] fmp 1 _ a* b*
Tl-1 o -10 c* d* |’
B =_et-1 1 . € 1 01 - e
°Ti-10 -10] {10 ghl

Then by 6, p.93] we have
ByNy=N§B,, detBy,=—1.

Let oy be an eigenvalue of N, with ay > 1. Then
{0, ) Ny = o5 (w,1), (w*, D)NF = oy (w*,1).
Moreover o, is a generator of U* (w). By [6] there exists B, € Q (w) such that
(0*,1) By = fo(w,1), Bo>0> By
Let V,=SpecC|[x,,y;]l, W,=SpecClz,,w,] (4, veZ). We construct a
complex manifold % by patching V,, W, (4, v e Z) by the relations;
Xae1 =V Va1 =X 053,
Zygy =Wyt Wy =z, W,
Wo=Y5x§, zo=)hxp.
Let C; and D, be nonsingular rational curves defined by
CGinViix; =0, CinVyg1:i41=0,
CnNV,=CnW,=¢(u*+ii+1;uiel),
DvnVVv: Zy = 05 DvnI/Vv+1: Wy = 05
D,n"W,=D,nV,=¢(u+v,v+1;4,u,vel)
andlet C= 3 C;,D =) D,. Clearly C and D are infinite chains of nonsingular
iAcZ veZl
rational curves, C;C;4,=D,D, =1, C} = —n,, D} = —-m,, C,C,=D,D,
= C;D, = 0 (otherwise). Let p = | y§ xo, ¢ = | ¥§ xo |, r = |W5* 2|, 5 = | W™ 2, |.
Then p and g are extended to continuous functions on % — D while r and s are
extended to continuous functions on % — C. Moreover we have pfo=r, gfo=s.
Therefore p and r can be extended to the whole %. Denoting the extensions of p and
r to % by the same letters, we let 2 = p~*([0,1)) = r ([0, 1)). Then 2 is a simply
connected open subset of %. Define an automorphism g, of % by
gO(Vl) « Vl—ro’ go (VVV) < u/v——sos
go: (x5, ¥,) — (x;.—rov Vai-rg) = (X2, ¥2)s

8o (zy, W) > (Z;-so’ W;—so) = (z,, W,).
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Then gk p = p*°, gk q = q"0, g¥r = r*°, gks = s*0 50 that g, transforms 2 onto itself.

Let G, = {gt"; meZ}. The action of G, on 2 is properly discontinuous and fixed-

point free so that we have a quotient surface 9/G, which we denote by S and call a

hyperbolic Inoue surface or an Inoue-Hirzebruch surface. Let m: @ — S be the

natural projection, 4; = n(C,), B,=n(D,), 4 = n{C) and B = n(D). We have
Ai=—ny+2 (n=rq=1), A% = —n, (otherwise),
Bi=—mg+2(n=s5,=1), B2=—m, (otherwise).

The curves 4 and B are cycles of nr, and ns, rational curves respectively. We define

Zykel (A) = (nO’ .”,nr—l)’ Zykel (B) = (m07'”) ms—l)

=(—43+2) (n=ry=1) =(—=Bi+2) (n=s,=1)
(—'A(ZJa”.aﬁArZ—l) (_Bg"”’—Bsz—l)
(otherwise), (otherwise).

(1.5) Theorem [6]. SY is a VII, surface with b,= n(ry+s,) having no
meromorphic functions except constants. There are two cycles A and B of nry and ns,,
rational curves on SI.

(1.6) Half Inoue surfaces. Consider the case where [U(w): U* (w)] = 2. Then we
may take w* = w, f, as f. Moreover U (w) is generated by 8, and we have ry = s,
N=N* B*= N, B = a, [6, p.93]. We define an automorphism 7, of @ by

(V=W W)=V,
To: (x/h yl) - (Z;_, w:{) = (xl) y}.)’
To: (Zva Wv) - (x(’—roa y(’—ro) = (Zv’ wv) .

Then the infinite cyclic group {t%; k€Z} operates on 2 freely and properly
discontinuously. We denote by S¥ the quotient of 2 by {t%*; ke Z} and call it a
half Inoue surface if n is odd. It is easy to see that 12 = go, S > SI" (see (1.4))
and that t"*' induces a fixed-point free involution i,,,, of SI***2! and
Stn+26id., iy, ,,} = S2"+1) The involution i,,. , transforms a cycle of rational
curves onto another on SI*"* 2!, Therefore the half Inoue surface S2"*!} has a
unique cycle C of rational curves with C*< 0 and b,(S) = # (irreducible
components of C) = 2n+1)r,.

(1.7) Theorem [6]. S2"* 1 js q VII, surface with b,= (2n+1)r, having no
meromorphic functions except constants. There is a unique cycle C of 2n+ 1)r,
rational curves with C* < 0.

§2. Curves on surfaces of class VII,

(2.1) LetSbeasurface of class VII, (or in short a VII, surface). Itis by definition a
compact complex surface with b, = 1 having no exceptional curves of the first kind.
We assume throughout this article, unless otherwise stated, that S has no meromorphic
Junctions except constants. Then we have,
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(2.1.1) h°(S, F) < 1 for any complex line bundle F on S.
We recall the numerical characters of S from 12,1, p. 755,11, p. 683].

(2.1.2) RO =1, hO= 0= j02 =0, =2 =c,=bh,, bf =0, b; =b,.
(2.2) Lemma. Le: D be an effective divisor on S. Then the following are true.
(22.1) h'(D,0p) £ 2. If moreover D is reduced and connected, then h* (D, 0 p) < 1.

(2.2.2) If D is irreducible, then D is either a nonsingular rational curve, a rational
curve with a node or a nonsingular elliptic curve.

(2.2.3) D? < -2 for a nonsingular rational curve D.

(2.2.4) Let D, and D, be effective and reduced curves on S with no common
components. Then DD, <2 —p (D)—p,(D,) and they meet transversally if
D,D, > 0 where p,(D) =1 + (KD + D*)/2.

Proof. (2.2.1) From the exactsequence0 — Og(— D) —» @5 — Op — 0, we infer the
exact sequence
0— H(S,05) » H°(D,0p) — H' (S,05(~ D))

- H'(S,05) > H* (D, 0p) > H*(S,05(—D)) > 0

in view of (2.1.2). Therefore we have h'(D,0,) <1+ h°(S,K+D)<2 by
(2.1.1). Assume next that D is reduced and connected and 4! (D, 0p) = 2. Since
b, =1, we have an n-fold unramified covering n: S* — S of S for arbitrary n. Then
$*is a VII, surface with no meromorphic functions except constants. Let 7 = 2. Let
K* be the canonical line bundle of S* and D* = n*(D). Hence (K* 4+ D*)D*
= 2h" (D*,Op«) — 2h°(D*,0px) <2 in view of the first assertion of (2.2.1).
However we have (K*+ D*)D* = 2(K+ D) D = 4, which is absurd.

(2.2.2) Assume that D is a rational curve with a cusp. Take a nontrivial triple
covering n: S* — S of S and let D* = #n* (D). Since D is simply connected, we have
h*(D*, 0,+) = 3 which contradicts (2.2.1). In view of (2.2.1), A (D, @) = 0 or 1 so
that (2.2.2) follows.

(2.2.3) If Dis an effective divisor, then D? £ 0 by (2.1.2). Assume that D is a non-
singular rational curve with D? = 0. Since (0,(D) = 0,,, we infer h* (S, O5(D)) = 0
from the exact sequence

0 HO(S,05) > H°(S, 05(D)) » H®(D, Op (D))
- H'(S,05) > H*(S,05(D)) > H* (D, 0Op(D)) - 0.
Therefore we have the exact sequence
0— H°(S, 05(D)) - H°(S, 05(2D)) - H°(D, 0,(2D)) — H' (S, O5(D)) = 0

where 4°(S, O (D)) = h°(S, Os(2D)) = h°(D, 0, (2D)) = 1. This is a contradiction.
If D? = —1, then D is an exceptional curve of the first kind. Such D does not exist by
our assumption.

(22.4) IfDD,=0, then it is clear from (2.2.1). If D, D, >0, then D, + D, is
reduced and connected so that p,(D)=h'(D,0,) <1 where D= D, + D,.
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Therefore
D\D,=p,(D,+Dy)—p,(Dy) = p,(D)+1=£2~p,(Dy)—p,(D;).

Now we suppose that D, and D, meet at a point with multiplicity = 2. Then we have
D.D,=2, p,(Dy)=p,(D;) =0, p,(D) = h'(Op) =1 and that D, + D, is simply
connected. Let n: S* — S be a triple covering of S, D* = n*D. Then D* is a disjoint
union of 3 copies of D, + D,. Hence we have h' (D*, 0;,x) = 3h* (D, Op) = 3, which
is a contradiction. Q.E.D.

(2.3) Lemma. Let D be a reduced connected effective divisor with h* (D, 0p) = 1.
Assume that h' (D', 0p) = 0 for any proper subcurve D' of D. Then D is either a
nonsingular elliptic curve or a rational curve with a node or a cycle of nonsingular
rational curves.

Proof. If D is irreducible, then (2.3) follows from (2.2.2). Let D = ) D, be the

v=1
decomposition into irreducible components and assume » = 2. Then by our
assumption D, is a nonsingular rational curve forany v. If D, (D —C,) =1 or 0 for
some v, then we have h' (D', ©p.) = 1 where D' = D — D, . Hence D, (D — D,) = 2.
Since p,(D) = 1, we have

1=7Y p.(D)+ Y D,D,+(1—n), ie. ¥ D,D,=n.

v=1 v<p v<pu
Therefore
2n=2Y D,D,= Y D,(D-D,)=2n
v=1

v<p

hence D,(D—D,)=2. If n=2, then D=D,+ D,, D, and D, meet at two
points transversally by (2.2.4). If n = 3, then by reordering D, suitably, we have
D=3 D, DD,.,=DD,=1DD,=0 (otherwise and v=+y). Q.E.D.

v=1
(2.4) A divisor Dissaid to be a cycle of rational curves if D is either a rational curve
with a node or a cycle of nonsingular rational curves.

We notice that a surface of class V11, with a cycle of rational curves has no
meromorphic functions except constants.

(2.5) Lemma. A line bundle F (¢ H'(S,0)) is flat, that is, Fe H' (S, C*) if and
only if F2=0.

Proof. Only if part is clear. We prove if part. By the exact sequences

00— Z » C > C* > 1

exp{2niv)

L

0 — Z — g ——— O0Ff —> 1
exp(2ni*)
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we have exact sequences

H(S,C) — HI(S,C*) —> H2(S,Z) — H?(S,C)

o
HY(S,05) — H(S,0¥) —— H?*(S,Z)

We assume that F2 = 0. In view of (2.1.2) we have ¢(F)y = 0 so that c(F) =0,
that is, hk~*c(F) = 0. Therefore there exists an element G in H'(S, C*) such
that k™ 'c(F) = ¢(G), i.e. ¢(F)= c(i(G)). Since j is an isomorphism, this
implies that F — i(G) = exp(2ni(j(H))) for an element H of H 1(S,C). Thus
F=i(G) + exp (2ni(j(H))) is in the image of H'(S,C*). Q.E.D.

(2.6) Lemma. Let D be an effective divisor with h* (D, ©p) Z 1. Then the restriction
map r: H*(S,05) - H* (D, 0p) is injective.

Proof. First we shall prove that ' (D 4, 0p,_,) = 1 where D, is the reduced divisor
with the same support as D. If h' (D 4, Op,_,) = 0, then any connected component D’
of D, satisfies ' (D', 0p.) = 0. This implies that D’ is simply connected. Letting
n: §* — S be a triple covering of S, D* = n* (D), we have h' (D*, 0p,) = 3 whichisa
contradiction of (2.2.1). Hence we may assume D to be connected and reduced.
Then D is either a nonsingular elliptic curve or a cycle of rational curves, in view of
(2.3). Let i be the inclusion mapping of D into S, i,: H;(D,C) — H,(S,C) the
induced homomorphism. Then i, is surjective. In fact, otherwise, we can choose an
element of H, (S, Z) of infinite order not contained in i, (H, (D, Z)). From this we
can construct a triple covering n: S* — S of S such that n = (D) is the disjoint union
of three copies of D. This contradicts (2.2.1). Therefore i, is surjective so that
*: H'(S,C) » H'(D,C) is injective. If D is a cycle of rational curves, then
H'(D,0,) ¥ H*(D,C). Since H'(S,C) = H'(S,0s), the homomorphism r is
injective. Next we consider the case where D is a nonsingular elliptic curve. Since i*
is injective and H' (S, O5) is mapped into H' (D, 0,) ~ H*'< H'(D,C) by r, we
have r(H'(S, 05)) = H*(D, 0p). So r is injective. Q.E.D.

(2.7) Lemma. Let D be an effective divisor on S. Then the following are equivalent.
(27.1) H'(D,,0p,) =0,

(27.2) H'(D,0p) =0,

(2.7.3) H(F,0p) =0 for any effective divisor with supp (F) < supp (D),

(2.7.4) p,(F) £0 for any effective divisor F with supp (F) < supp (D).

Proof. By the proofof (2.6), (2.7.1) and (2.7.2) are equivalent. Let F be an effective
divisor with supp (F) < supp (D). Assume that 4' (F, @) 2 1. Then it follows that
B! (Fo, 0p_) = 1 hence h* (D, 0p ) 2 1 and h' (D, Op) = 1. Thus (2.7.3) follows
from both (2.7.1) and (2.7.2). In view of [1, Theorem1.7], (2.7.3) and (2.7.4) are
equivalent. The remaining implication is evident. Q.E.D.
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(2.8) Lemma. Assume that D is an effective divisor on S such that h* (D, Op) = 2 and
h* (D', 0p) £ 1 for any proper subcurve D’ of D. Then we have Kg+ D = 0.

Proof. By (2.2.1), we have £°(S, K¢+ D) = 1. Hence there exists an effective divisor
E linearly equivalent to Ky + D. If D and E have an irreducible component F in
common, let D' = D — F. Then h* (D', 0p) = 1 since h*(S, Os(—D’)) = 1. In view
of (2.6), we have h' (D', 0,) = 2 which contradicts the assumption. Hence D and E
have no irreducible components in common. By assuming that E # 0, we shall
derive a contradiction. Assume that E* = (. Then E is flat in view of (2.5) so that
P.(E) =1and DE = 0. By (2.7) we have h' (E, 05 = 1, hence K (E+ D, 0, ) 2 3
which is a contradiction. Hence E? < 0. Therefore KE = E? — DE <0 so that
KE,< 0 for at least one irreducible component E, of E. Since E? <0, we have
P.(E)=0. In view of (2.2.3), p,(E)=1+ (KE,+ E?)/2<0 which is a
contradiction. Q.E.D.

(2.9) Lemma. Let D be an effective divisor with h* (D, Op) = 2, h* (D', 0;))) £ 1 for
any proper subcurve D' of D, E an effective connected reduced divisor having no
irreducible components in common with D. Then ED = 0 and E is a tree of nonsingular
rational curves with intersection graph given by A,, D,, E;, E; and Eg.

Proof. Let Fbe an effective divisor (= 0) with supp (F) < supp (E). If F? = 0, then
Fis flat in view of (2.5) so that p,(F) =1, DF =0, and 4' (F,0;) = 1 by (2.7).
Therefore h'(F+ D, 0, ;) = 3 which is a contradiction. Hence F? < 0. This
implies that the intersection matrix of E is negative definite. Let Fbe an irreducible
component of E. We have F2 < 0 and KF = —DF < 0 by (2.8). Hence p,(F) = 0,
KF = —~DF=0, F* = —2in view of (2.2.3). Therefore DE = 0. The final assertion
follows from [1]. Q.E.D.

(2.10) Lemma. Let D be a divisor (£ 0) such that the line bundle [ D] associated to D
is flat. Then D = mE or mE + nF (m, n % 0) where E and F are one of the following,

(2.10.1)  a nonsingular elliptic curve G with G* = 0,
(2.10.2) a rational curve G with a node and with G* = 0,
(2.10.3) a cycle G = G, + G, of rational curves with G,G, =2, G} = —2.

(2104) a cycle G= 3 G, of nonsingular rational curves G, with
v=1
G,G,.1=G,G, =1, G} = -2, G,G,= 0 (otherwise) (r 2 3).

Proof. First we assume that D is effective and connected. If D, is irreducible, then
(Ds)* =0, p,(D,y) =1 so that (2.10) follows from (2.2). If D, is reducible, let

D= Y n,D, be the decomposition of D into irreducible components. Since
v=1

KD,=2p,(D,) — D? — 2, D? £0, we have KD, = 0 in view of (2.2). On the other

hand

1=pa(D)=KD/2+1=<ianDv>/2+1§1.
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This implies that KD, = 0. Since —n,D? = Dv< > n#DH> > 0, we have D? < 0.
Hence D? = —2, p,(D,) = 0. Thus we have

2n,= 3 nD.D,.

pFEY

u¥y

This implies that D is one of the curves appearing as singular fibres in a pencil of
elliptic curves ([11, p. 567]). From [11, p.565] together with a remark that any
effective divisor E on S having a simply connected support satisfies h' (E, O p) = 0,
we infer that D is one of 1, . Next we consider the general case. First we assume that

D is effective. Let D= ) D© be the decomposition of D into connected

i=1

components. Then it is easy to see that [D®] s flat. Therefore D® is one of the above
curves (2.10.1) ~ (2.10.4) as we have shown. Finally we consider the case where
neither D nor —D are effective. We write D = E — F for effective divisors E
and F with no common components. Since D? = 0, we have 0 = E?+ F? — 2EF.
On the other hand, we have E? <0, F2<0 and — EF £ 0. This implies that
E? = F?= EF = 0. From what we have seen, any connected component of E and
Fisone of the curves (2.10.1) ~ (2.10.4). In view of (2.2.1) the number of connected
components is in any case not greater than 2.

(2.11) Lemma. Let D, and D, be connected reduced divisors on S with h* (D, 0y))
=1,A=12,D,nD,=0. Then D, is a nonsingular elliptic curve iff D3 = 0.

The following is an application of Ma. Kato’s proof of (2.12.1).

Proof. By (2.3) D, is either a nonsingular elliptic curve or a cycle of rational curves.
Suppose that D, is a nonsingular elliptic curve. Then it follows that Pic®(D,) = D, .
Since H' (S, C*) ~ Hom (H, (S, Z),C*) =~ C* @ (finite group), there exists a line
bundle F(e H* (S, C*)) of infinite order such that F}, (:= the restriction of Fto D)
is trivial. (This is a remark by Inoue.) Let D =D, + D,. We shall show
HO(S, F) % 0 or H°(S, — F) * 0. Assume H°(S, — F) = 0. Then we consider the
exact sequence

0 HO(S, —F—[D) > H°(S, - F) > H°(D, — Fy)
> H'(S,—F—[D) - H'(S, - F)~» H' (D, — Fp)
— H*(S, - F— [D]) - H*(S, - F) > 0.

Wehave H°(S, — F — [D]) = 0 by assumption. In view of (2.8), wehave Ks+D =0
so that ¥ (S, — F—[D)) = x(S, F) =0, and

h*(S, — F—[D]) = (S, — F~ [D)) 2 h°(D, — F») 2 h°(D,0p,) =1.

Hence we have h*(S, — F—[D]) = k°(S, F) = 1, h°(D,, — Fp,) = 0. Let E be the
effective divisor [E] = F. In view of (2.10) we write E = m E; + m, E, (m; >0,
m,=0) with E2 =0. If m,> 0, then by (2.2) we may assume that D, = E|,
D, = E,, hence DI = 0. If m; > 0, m, = 0, then either E, =D, or E; =D,. We
shall show E, = D,. Indeed, otherwise, D; = EZ =0 and [D,],, is trivial by
(2.5). Hence F = [m,D,] is contained in Ker (H*(S,C*) - H'(D,, 0},)) which
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contradicts h°(D,, — Fp,) = 0. Therefore we have D, = E;, D} = EZ = 0. Next
we shall show if part. Assume D? = 0. Then [D,] is flat in view of (2.5). Since
DD,=0, [D,]p, is trivial. This shows that the restriction homomorphism
r: H'(S,C*) - H' (D, 03)) has the non-trivial kernel of infinite order. If D, is a
cycle of rational curves, then by the proof of (2.6) Ker (r) is finite. Therefore D, isa
nonsingular elliptic curve. Q.E.D.

(2.12) Lemma. Let D be a reduced effective divisor such that h' (D, 0p) = 2 and
h (D', 0y) £ 1 for any proper subcurve D' of D. Then D =D, +D,, DD, =0, D,
being a connected component of D, D, # D, . And one of the following holds;

(2.12.1) both D, and D, are nonsingular elliptic curves with D} = D3 = 0,

(2.12.2) D, is a nonsingular elliptic curve with D} < 0, and D, is a cycle of rational
curves with D2 =0,

(2.12.3) both D, and D, are cycles of rational curves with D} <0, D3 <O0.
Clear from (2.2), (2.9) and (2.11). (2.12.1) was proved by Kato.

(213) Lemma. Let C be a cycle of rational curves on S. Then we have
[H,(S,Z):i,H,(C,Z)) = 1 or 2 where i is the inclusion map of C into S.

Proof. Let N be the cokernel of i, , the following is exact, 0 - H,(C,Z) N H,
(S,Z) > N—0. Then in view of the universal coefficient theorem and
H,(C,Z) = Z, the following is exact,

(2.13.1) 0> Hom (N, C*) » Hom (H, (S, Z), C*) — Hom (H, (C, Z),C*) > 0
2l 14l
H'(S,C* - H!Y(C,C%

Since N is finite and abelian, we have Hom (N, C*) = N. If N has an element of
order n, then we have a flat line bundle Fon S of order n such that F.is trivial. From
this F we can construct an n-sheeted unramified covering n: S’ — § such that
n~ 1 (C)isa disjoint union of n-copies of C. Since S’ is a surface of class VII, with no
meromorphic functions, we have n <2 by (2.2.1). If N is of order n, we can
construct in the similar manner an unramified abelian covering z: S’ — S such that
the Galois group of nis Nand n~ ! (C) is a disjoint union of n copies of C. Therefore
n<2 Q.E.D.

(2.14) Corollary. Let C be a cycle of rational curves on S. Suppose that
(2.14.1) there exists an irreducible curve E with EC > 0, or that
(2.14.2) there exists an elliptic curve or another cycle of rational curves.
Then H,(S,Z) =i, H,(C,Z).

Proof. Suppose that the order of N is 2 with the notations in (2.13). Then we have a
double covering 7: S’ — S with 771 (C) two copies of C. Hence by (2.2), (2.8) and
(2.9) we have a contradiction of (2.14.1) or (2.14.2). Q.E.D.
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§3. Meromorphic one-forms with logarithmic poles

(3.1) Let D be an effective divisor on S. Then we define a locally free sheaf
Qs (log D) by
Q5 (log D) = {0 € Q5(D,yy); do € Q5 (D)}

where Q4 (D,.,) stands for the sheaf of germs of meromorphic g-forms with poles of
at most order one at D. Let p be a nonsingular point of D, x and y local parameters
with p center such that D is defined by x = 0 at p. Then Q} (log D) is an @5 module
generated by dy and x ! dx at p. If pis a singular point of D, we can take in view of
(2.2) local parameters x and y with p center such that D: xy = 0. Then Q! (log D) is
an ¢ module generated by x ' dx and y~!dy at p.

(3.2) Since there are only finitely many irreducible curves on a surface with no
meromorphic functions except constants, we let M be the maximal reduced divisor

onS, M= i M; the decomposition of M into irreducible components. Denoting
by M the r{;rlmalisation of M, we have the following exact sequence;

0- Q> Qk(logM) > 0z—0.
(3.3) Lemma. The following is commutative and the first row is exact:

0 — HO(S, QL (log M)y - H° (M, C) - H2(S,C)

o

H(M,Z) -2 H?(S,Z)

where 6 ([M;]*) = ¢ (M), [M,]* standing for a function whose support is M; and which
takes the value 1.

Proof. From (3.2) we infer an exact sequence
0 — H°(S, QL (log M)) —-»HO(M,@A;) - HY(S, Q) — -
We shall show H'(S, Q%) = H?(S, C). Consider the exact sequences
0> C - 05> dosg—0
0 - dos— Qs —» Q% - 0.

Since A%2=0 and H'(S,C) @ H!(S,0s), we infer H(S,d0s) =~ H*" ' (S, C)
(g= 1) and the following exact sequence

0— H(S,d0s) » H' (S, QL) » H' (S, Q2) » H2(S, d0s) ~ 0.

By (2.1.2) we have A*'=h%1=1, h%*(S,dOs)=bs=1. Therefore
H'(S, Q) = H*(S,C). It is easy to see that

0 ([M;]*) = c(M;) (the first Chern class of M)
so that § comes from the Z homomorphism d,: H°(M,Z) - H*(S,Z). Q.E.D.
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(3.4) Lemma. Let M be the maximal reduced divisor on S. Then H® (S, Q% (log M))
is generated by divisors (2.10.1) ~ (2.10.4).

Proof. In view of (3.3), H°(S, Q! (log M)) is generated by Ker(é,). By (2.5) and
(3.3) Ker (9,) is generated by divisors whose associated line bundles are flat. Our
lemma follows from (2.10). Q.E.D.

(3.5) Theorem (Ma. Kato). The number p,(S) of irreducible rational curves on S is
not greater than b, .

Proof. 1In view of (2.10), (3.3) and (3.4) p,(S) £ 2+ b,(S). Let S* be a triple
unramified covering of S. It is easy to see that p,(S*) = 3p,(S), 6,(S*) = 35,(S),
p,(S*) =2+ b,(S*). Therefore 3p,.(S) <2+ 3b,(S) so that p,(S) = b,(5).
Q.E.D.

(3.6) Let M be the maximal reduced divisor on S. Then we define a subset N (S) of
H'(S,C*) by

N(S) = {FeH'(S,C*); h°(S, Qs (log M) (F)) + 0}
and n(S) = the cardinality of N(S).
(3.7) Lemma. Assume n(S) to be finite. Then n(S) < 2.

Proof. Assume that 3 < n(S)<oo. Let F, be flat line bundles in N(S),
F,# F,(v#u), , a global section of Qg (log M) (F,) (v=1,2,3). Assume »; A o,
= 0. Then we have at any point p of S a meromorphic function 4, such that w,
= h,w, . Therefore we have a divisor D with D = F; — F,. In view of (2.10) we have
an effective divisor E whose associated line bundle is flat. Hence we have a
nontrivial section w, - nE of Qf (log M) (F, + nkE), i.e. F; +nEeN(S) for n > 0.
This implies that n(S) = oo. Therefore w, A w, # 0. Similarly w, A w, # 0 (v =+ ).
It follows that 4°(S, Q3 (M) (F,+ F,)) # 0. Let D,, = (», A »,) be the divisor of
w, A w,. Then D,,= K+ M+ F,+ F,. Hence D, — D,3= F, —~ F;. In view of
(2.10), we have a contradiction of n(S) being finite in the same way
above. Q.E.D.

(3.8) Lemma. Assume that n(S)=2 and let D be an effective divisor with
h* (D, 0p) = 2 and h* (D', 0,))) < 1 for any proper subcurve D' of D. Then D is two
cycles of rational curves (2.12.3) and F,+ F,=0 for F,, F,eN(S), (F, + F,).
Moreover E, are of infinite order.

Proof. Let F, and F, be line bundles in N(S), F,+ F,. In view of (2.8)
K+ D = 0. By the proof of (3.7) there exists an effective divisor E such that
E=K+M+F,+F,, that is, E+D=M+F +F,. If E+D=+M, then
n(S)=oo. Hence E4+ D = M and F, + F,= 0. Since M is reduced, so is D. By
(2.12) D is two cycles of rational curves. Assume that F, is of finite order. Let n be
the order of F,. Then we have an n-fold cyclic unramified covering =: S* — S of §
with covering group {o*; k=0, -+, (n—1)} such that n* F, = 0 where ¢" = ids,.
Then an element of HO(S,Ql(logM)(F,)) induces an element of
H(S*, QL, (logn* M)). By (3.4) there exists an effective divisor H with H? = 0. By
n—1

taking ) (6%)*H instead of H we may assume that o*(H)=H and H*>=0.

k=0
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Then n, (H) is an effective divisor with n, (H)? = 0. Therefore [z, (H)] is a flat line
bundle and #(S) = oo which is a contradiction. Q.E.D.

(3.9) Corollary. n(S) = oo if and only if there exists one of the curves (2.10.1)
~(2.10.4).

(3.10) Remark. Let S be ST, With the notations in (1.4) and (1.5) we define a
character y of G, by y(gh) = 4. Then by the isomorphism of H!(S, C*) with
Hom (H, (S, Z), C*) =~ Hom (G,, C*), we have a flat line bundle F, on § associated
with y. By [6] p.100 S— A4 — B is a quotient space of H x C by the action of
Z +Zwand G, it is easy to check that d¢ and d can be extended to sections of
Q5 (log (C+ D)) by

dé = wxgtdxg+ yotdy,, dl = xq dx,+ yotdy,

and they generate subsheaves of Q5 (log(4 + B)), isomorphic to Os(F,) and
Os(— F,) respectively. In fact, we have by this

Qi (log(4 + B)) ~ Os(F)@ Os(—~F)).

Therefore Qg (log(A +B)), X 0,(F)® 0,(—F,), Q5(og(A+B));=04F)
@ O0;(-F).

(3.11) Lemma. Let A and B be cycles of rational curves on S and assume that b,
= the number of irreducible components of A+ B. Then we have n(S) = 2.

Proof. By (2.2.1)(2.12)(3.7)and (3.9) we have n(S) < 2. Inviewof (2.8) K+ 4+ B
= 0. In view of (2.9), we have the maximal reduced divisor M = 4 + B. Since the
analytic structure of a neighborhood of 4 (or B) in Sis uniquely determined by the
sequence of self-intersection numbers of irreducible components of A4 (or B
respectively) ([15]), we have by (3.10) a flat line bundle Fon A4 (or G on B) of infinite
order such that

Qs(logM), = 0,(F)® 0, (- F),

Q5 (log M) = 05(G)® O5(—G).
By virture of (2.14) and (2.13.1) there exist flat line bundles Fand G on S such that
F,=Fand Gz=G.

For brevity we denote Q1 (log M) by §5. We shall prove either #° (S, 35 (F)) + 0
or h°(S, Qs(— F)) # 0. We assume the contrary. The following is exact;

0— H(S, Qs(—M + F)) > H°(S, G5 (F)) > H°(M, Q5(F),,)
—~ H'(S, O5(—M + F)) » H' (S, Qs (F)) > H" (M, Q5(F),,)
- H*(S, O(— M + F)) » H2(S, Os(F)) > 0.
By assumption 4°(S, Qg (F)) = 0 so that h°(S, @g(— M + F)) = 0. Since Qg is self-

dual, it follows that h%(S, Qg (— M + F)) = h°(S, O5(— F)) = 0. On the other hand
we have
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1 (S, Qs (=M + F)) = 1(S, G5 (F)) — x(M, O5(F),,)
= 1(S, Q5) — 2 (M, (Qs))
= 1(S, Q) + (M, 0) — x (M, (Ds),)
= —b, + h°(M,0,;) (by the proof of (3.3))
=0 (by assumption).

Therefore we have 4! (S, Og(— M + F)) = 0. This contradicts that h° (M, Q5(F),,)
=h° (4,0, = 1. So we may assume h°(S, Q5 (F)) # 0. Similarly we may assume
hO(S Qs(G) #£0. If F=+ G, then n(S) =2 and F+ G = 0 by virtue of (3.8). So
(3.11) follows in this case. So we assume that F = G. Assume h° (S, Os(—F))=0to
derive a contradiction. From the exact sequence

0— H°(S, Gs(— M — F)) » H°(S, s (— F)) > H*(M, Qs(— F),)
— H' (S, O(—M — F)) » H' (S, O5(— F)) » H' (M, Gs(— F),,)
- H?(S, 3s(—M — F)) > H*(S,35(— F)) > 0,

we infer A'(S, Qs( M — F)) 2 2. In view of Riemann Roch and Serre duality,
we have h'(S, Qg(—~M—F)) =h°(S,Qs(—M— F))+h*(S, Qs(—M — F))
= h°(S, Qs(F)). Since F is of infinite order, in particular 2F # 0, we have
h°(S, O5(F)) =1 by the same argument as in (3.8). This is a contradiction.
Therefore h°(S, Og(— F)) + 0 i.e. — FeN(S). Since F + — F, we have n(S) =
by (3.7). Q.E.D.

(3.12) Lemma. Let C be a cycle of rational curves on S with C* < 0. Assume that b,
= the number of irreducible components of C. Then n(S) = 2 and we have a flat line
bundle L on S and an unramified double covering n: S*— S of S such that

Le=0, 2L =0, n*L=0, F,+ F,=L=+0
for F,, F,eN(S).

Proof. Let C= ) C, be the decomposition of C into irreducible components.
v=1

Since C2 < 0 and b, = r, the topological two cycles C,(v=1, -+, r) form a basis of
H,(S,R). Since KC,= —2—C2?= —CC, for any v, we have K+ C=0 in
H?(S, Q) so that there exists a flat line bundle Lon Ssuch that K+ C = L.If L = 0,
then h'(C,0.) =2 follows from (2.6) and A*(S,0s(—C)) =1, which is a
contradiction. Hence L + 0. The dualising sheaf w¢ of Cis trivial so that L = (K
+ C)¢ = wc = 0. This implies by the proof of (2.13) that 2L =0 and that there
exists an unramified double covering 7: $* — S such that n*L = 0 and n~ ' (C) is
two cycles of rational curves, b,(S*) = 2r. Clearly C and n* C are the maximal
effective reduced divisors of S and S* respectively. By (3.10) we have a flat line
bundle G on S* with h°(S*, Q. (+ G)) = 1. Moreover from (2.13.1) and (2.14) we
infer a commutative diagram with exact rows;

{1 —» 1 — H'(S*C*) - HY(C,C* — 1

1 — (1,1} — H(S,C% -2 HY(C,C*) — 1
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where C' is a connected component of # ™! (C), i and j are inclusion mappings of C
and C' into § and S* respectively. We notice that C and C’ are isomorphic and
therefore n*: H'(C,C*) » H'(C’,C*) is an isomorphism.

As n*: H'(S,C*)— H'(S*,C*) is therefore surjective, we have a flat line
bundle F on S such that n* F = G. Since + n* Fe N(S*) and

ﬂ*ﬂ*ﬁs = §S®n*05* = és@ Q5® L,
we have ~
hO(S, Qs(F)) + h°(S, Qs(F+ L)) = 1
1S, G5 (= F) + h0(S, Os (= F+ D)) =1.
Since n* (F+ L) = G, we may assume that #°(S, Qg (F)) = 1,1.e. FeN(S). Then by

Ks+ C = L, we have h°(S, G5(— F+ L)) = 1. In view of (3.7) and (3.9) we have
n(S)=2. Q.E.D.

§4. Deformations of neighborhoods of cycles

{4.1) Let S be a surface, 4 a cycle of rational curves on S with negative definite
intersection matrix. Suppose that 4 contains no exceptional curves of the first kind.
Then the cycle 4 can be contracted to a normal point by [3], as is the same, we can
choose a strictly pseudoconvex open neighbood U of 4 in S. For any coherent sheaf
F on U, HY(U, #) is finite-dimensional for ¢ = 1, zero for ¢ = 2.

(4.2) Definitions. O5(—logA):=Hom, Qs (log 4), Ug),
JA = @S/@S(_IOgA) .
(4.3) Lemma. H'(U,0,) xH'(4,(0,),) =H'Y(4,J)).
Proof. We have an exact sequence;
0- H°(U,0y(~log4)) » H*(U,0,) » H°(4, J,))
- HYW(U,Oy(~logA) - H (U,80,)— H(4,J,)—>0.
Since the analytic structure of a sufficiently small neighborhood of the cycle 4 is
uniquely determined by the sequence of self-intersection numbers of irreducible
components of 4 ({15, p. 139]), Uis isomorphic to an open neighborhood of one of
the cycles on a hyperbolic Inoue surface SI. Hence by (3.10) and Q% = 0,( — A), we
have © ,(—log 4) = Qj(log 4) = 0,(F)® Oy (— F) for a flat line bundle Fwith F,
of infinite order. By [14, Theorem 5.4] we have HY(U, F) = HY(A4, F,) for any ¢
and any sufficiently large n. We shall show by the induction on n that H' (4, G,,,)
= (0 for n > 0 and any flat line bundle G on U such that G ,is nontrivial. Letn = 1,

Then H'(4,G,) =0 because G,+0 and H°(4,G,) =0. We assume next
H'(4,G,,) = 0. From an exact sequence

0-0,(—nd+G)— 04, 14(G)—0,,(G)->0,
we infer an exact sequence
0> H(A,0,(—nA+G)) > H°(4,Gy 1y0) > H*(4,G,,)
- H'(4,0,(~nA+G)) > H' (4,G(,, 1) —» H (4,G,)—~ 0.
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Then h'(A4,0,(—nA+G)) =h°A,0,mn4—-G))=0 since 4,(n4-G)=0
for any irreducible component 4; of 4 and 4,(n4 — G) < 0 for at least one A4,.
Hence H'(A4,G(.y,) =H'(4,G,,)=0. Hence HY(U,0,(—logd)) = lim
(H'(A,F,)® H' (A, —F,))=0, H*(U,0,) =~ H*(4, J,). Next we shall show
HY(4,(05),) =HYA4,J,). By a direct computation the following is exact;

0- 07— (05),— J,— 0 where 4 is the normalisation of 4. Clearly HY(4,0))
=0, hence H'(4,(@g),) ~H"'(4,J,). Q.E.D.

(4.4) Let S be a VII, surface with an elliptic curve E and a cycle Z of rational
curves. Then by (2.8) K+ E+ Z=0. By (2.12) Z?* =0, EZ=0and E? =c} = —b,.
Now let p be a nonsingular point of Z, and k: S’ — S be the blowing-up of Sat p, E’
and Z' the proper transforms of E and Z. Then we have (Z')> = —1 so that the
intersection matrix of Z’ is negative definite. Let U’ be a strictly pseudoconvex
neighborhood of Z'. By (4.3) H' (U',0,) =~ H'(Z', J;). On the other hand we
have the following exact sequence;
0> HO(S', @5 (—log(E'+ Z))) » H(S', O5.(—log E")) » H*(Z', J)
> H'(S', 05 (~10g(E'+ Z) » H'(S", O5.(—10g E) » H'(Z", J)
— H*(S",045.(—log(E'+ Z'))) » H*(S', 05, (—log E')) - 0.
Therefore
h*(S', 05 (~log (E'+ Z')) = h°(S", Q5 (log (E' + Z")) (Ks))
=h(S", Q5 (log(E'+ Z')) (=E'—Z")) S h°(S',Q5)=0

a fortiori
h*(S", 04 (—log(E'+ Z"))) = h*(S", O (—1logE")) =0
Since et
Jz 20p, (=3)® @ 0p (-2),
we have o=t

HO(S', O3 (—log E")) = H°(S', @5 (—log(E'+ Z7)))
~ HO(S, QL (log(E'+ Z") =0
because h°(S’, QL (log (E' + Z"))) = the number of divisors (2.10.1) ~ (2.10.4) with

support in E'+ Z’ by the same argument as in (3.4). Thus, combining the above
with (4.3), we have,

(4.5) Lemma. H9(S', 04 (—logE")) =0 (¢=0,2) and the following sequence is
exact,

0 H'(S,O5(~log(E'+2)) » H'(S',05(—log E) > H' (U, @) > 0.

(4.6) Lemma. Let S be a V11, surface with an elliptic curve E and a cycle Z of
rational curves. Then there exists a smooth family n: — D with two divisors E and Z
flat over D such that (¥, &, %), = (S, E, Z), & = E and Z, is a smooth elliptic curve
for any t + 0 where D is the unit disc.
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Proof. With the notations of (4.4), there exists by [10, Corollary 4] a semi-
universal deformation (¥'— &', &', &', f, T', 0) of logarithmic deformations
of (§"—E',S',E’) such that the Kodaira-Spencer mapping po: Tp.o— H!
(S’ Oy (—logE )) is an isomorphism. This induces an epimorphism of T} ;, onto
HY (U, © ) for a strictly pseudoconvex neighborhood U’ of Z’ by (4.5). Hence by
{16, Theorem 5] there exists an open neighborhood #’ of Z’ in & such that
SFonU' =V, fo: U’ — T is versal in the sense of [16, Theorem 5]. On the other
hand by [7] there is a one parameter family g: #” — D of deformations of U’ and a
divisor Z” of " flat over D such that &[] ~ Z', Z/ is a smooth elliptic curve for
any ¢ % 0. By the versality of f;, we have a one-parameter smooth family
n': ¥— D, and an open neighborhood ¥ of Z’' in & such that &% =~ S', V" > %",
Hence we have a divisor #” of &’ flat over D such that %~ >~ & ”. By stability of the
exceptional curve of the first kind [13, Theorem 5], we have a divisor € of %’ flat
over D such that €, = £~ (p) in (4.4) and % can be blown down simultaneously so
that we have a smooth family z: & — D over the disc D with two divisors & and &
flat over D such that (¥, &, Z), = (S, E,Z), & = E and Z, is a smooth elliptic
curve for any 1 +£ 0. Q.E.D.

(4.7 Lemma. Let S be a V11, surface with A and B cycles of rational curves. Then
we can choose strictly pseudoconvex open neighborhoods U and V of A and B in S
respectively and

(4.7.1) HIS, @) = H4(Og(—log A)) = HI(S, O5(—log B))
= HI(S, O5(—log (4 + B)) =0 (¢=0,2),

(4.7.2)  the following sequences are exact,

0— H'(S,04(—log (4 + B))) » H'(S,05) » H' (U,0,)® H'(V,0,) - 0,
0— H'(S,05(~log(4 + B))) » H' (S,05(—log A)) » H' (V,0;) >0
0 H'(S,04(—log (A + B)) > H' (S, 05(—log B)) > H (U,@,) - 0.

Proof. By (2.12) A* < 0 and B? < 0, hence the intersection matrices of 4 and B are
negative definite. Therefore we can choose strictly pseudoconvex open neigh-
borhoods U and V of 4 and B respectively. By (4.3) H' (U,0,) = H'(A, J)),

H'(V,0,) xH"(B,J;). Let 4 = Z A, B= Z B, be the decompositions of 4

and B into irreducible components. Then J, = (—D Op (43), Jp = (—B(DP1 (B2).

Therefore H°(A, J,) = H®(B, J,) = 0. It follows from this in the same manner
as in (4.4) that h°(S, O5) = h°(S, O4(—logAd)) = h°(S,05(—1logB)) =h°
(S,04(—log(4 + B))) = the number of curves (2.10.1) ~ (2.10.4) with supports in
A+ B =0. On the other hand 4%(S, @g(~log (4 + B))) = h°(S, Q5 (log(4 + B))
(Ks)) = 0 because Kg= — A — B by (2.8). Hence h*(S, Og) = h*(S, Os(—log A4))
= h*(S, Og(—log B)) = 0. Now (4.7.2) is clear. Q.E.D.

(4.8) Lemma. Let S be a VI, surface with two cycles A and B of rational curves.
Then there exists a smooth proper family n: — D with two divisors of and B flat
over D such that (%4, #), =(S, A, B), o, is a smooth elliptic curve (t+0) and
AB,= B forany t.
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Proof. By (4.7.1) and [10, Corollary 4] there exists a semiuniversal deformation
(F*—B*, 9*, B*, f, T, 0) of logarithmic deformations of (S — B, S, B) such that
(F*, #*), = (S, B), the Kodaira-Spencer mapping po: T, H 1(S, @5(—log B))
is an isomorphism. Then by (4.7.2) and the same argument as in (4.6) we can show
that there exists a one-parameter smooth proper family n: &#— D with two divisors
& and % such that.o/, = A,./,is a smooth elliptic curve (¢ # 0) and 4, = B for any
t. QE.D.

(4.9) Lemma. Let S be a V1L, surface with two cycles A and B of rational curves.
Then there exists a one-parameter smooth proper family n; & - D with two divisors
o and B flat over D such that (¥, A, B)y = (S, A, B), &, and B, are smooth elliptic
curves for any t % 0.

Proof. Similar to (4.8). Q.E.D.

§5. Hopf surfaces

(5.1) Definition. A surface Siscalled a diagonal Hopf surface if S is isomorphic to
a quotient C* — (0,0)/{g"; n € Z} where g is a transformation of C? — (0,0): (z,, z,)
= (0, 2y, 0, 7,) with 0 < |a;| < 1. A surface is called a Hopf surface if the universal
covering of it is C? — (0,0). A Hopf surface is called primary if its fundamental
group is infinite cyclic.

(5.2) Theorem (Kato). Let S be a VI, surface with two elliptic curves. Assume that
S has no meromorphic functions except constants. Then S is isomorphic to a quotient
surface of C? — (0,0) by the group generated by two transformations g and h

8:(21,23) > (2121, %323),

h:(zy,2,) = (exp(2mi[n) z;, exp (2mip/n) z,)
where 0 < |a;| <1, n and p are relatively prime positive integers. If moreover
H,(S,Z) ~Z, then S is a diagonal Hopf surface.

Our proof is a slight modification of Kato’s original proof (unpublished).

Proof. Let A and B be elliptic curves on S. By (2.12) we have 4% = B2 =0, K5 =
—A— B, hence b, = —c} = —(4%+ B?) = 0. Then our theorem follows from [12,
II, Theorems 32 and 34]. Q.E.D.

(5.3) Lemma. Let S be a VI, surface with two elliptic curves. Suppose that
H,(S,Z) =Z, and h°(S,mKs) =0 for any m > 0. (S may have nonconstant
meromorphic functions.) Suppose moreover that any unramified Galois covering S*
of S is cyclic and H,(S*,Z) = Z. Then S is isomorphic to a diagonal Hopf surface.

Proof. Assume first that S has no meromorphic functions except constants. Then
by (5.2) S is isomorphic to a diagonal Hopf surface. Next we assume that S has
nonconstant meromorphic functions. Then S is an elliptic surface by [11, I,
Theorem 4.1]. Let f: S — 4 be the elliptic fibration. By [12, II, Theorem 27] S is
isomorphic to an elliptic surface

La,.(mn ﬁBr) Lal(mhﬁl)(A X C)
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where 4 is the projective line and C is a nonsingular elliptic curve, a, €4,
a, ¥ a,(A+v), [B;] is a point of C of order m, §, + --- + B, + 0. Following

[12,I1] we define an invariant k by k = —2 + Z (1—(1/m))). Let C,=f"*(u),

=(C, )ra- Since KS——2C+Z(m )P we infer k<0, 1<r<3
fromh (S mKy) = v

Case 1. Assume that r = 3. Take a simply connected Galois covering @: ' — 4
which is unramified over 4 — {a,,a,, a;} and has branch points of order m, — 1
over a, . In fact, since the possible triples (m,, m,, m;) are (2,2,n) (n = 2), (2,3, 3),
(2,3,4), (2,3,5), we can take respectively the dihedral groups, the tetrahedral
group, the octahedral group and the icosahedral group as the covering group G, and
the projective line as I'. Let $* be the elliptic surface induced from f: S — 4 by @.
Then S* is an unramified Galois covering of S with covering group G, however by
the assumption the covering group should be cyclic which is a contradiction. Hence
r=*3.

Case 2. Assume r=2. Letting a,=0, a,=0 we have S= Ly,(m,p,)
L, (m;, B,) (4 x C), [B;] being points of order m; of C with B, 4+ f, + 0in Cand 4

=P, . Let d = (m,, m,) (= the greatest common divisor of m, and m,), ;= m;/d.
Let S* = Ly(e;,dB;) Lo(e;,dB,){(4xC). Then by [12,II. p.688] S* is an
unramified covering of S, hence by assumption H, (S*, Z) =~ Z. By multiplying the
global coordinate of C by a suitable constant we may assume e, e,d(f,+ f,) =n
(a positive integer) and the lattice of Cis Z + Z w. Now that ¢, and e, are relatively
prime, H, (S*,Z) = Z + (Z/nZ) by [ibid., p. 688]. Hence n = 1. By [ibid., p. 688] S*
is written as S* = (Cx C)/G; U(Cx C)/G, where ((4,,{,)) and ((u,,{,)) are
identical ifand only if uS1u$2 = 1, {, + (m, B, logu,)/2ni = {, + (m, B, logu,)/2ni
modZ + Zw and the group G; is generated by a transformation g;: (u;, {;)
- (exp(2rife)u;, {;— dB;). By [ibid.] we have a holomorphic mapping f of a
diagonal Hopf surface onto S* as follows. Let 4 be a transformation of C2 — (0,0),
hi(z,,z,) > (exp(2nie; w)z,, exp(2mie,w)z,). Then we have a diagonal Hopf
surface S, as the quotient of C? — (0,0) by the infinite cyclic group generated by .
We define a mapping f of S, onto $* by

S* (. 0y) = (zexp(—(ey/e)) log zy), (logzy)/2niey),
S*(uy, (5) = (zy exp (— (e, /e;) log z,), (log z,)/2mie,).

Then f is in fact an isomorphism by [ibid.]. This shows that S* is a diagonal
Hopf surface. Therefore S is a quotient of S, by an automorphism q: (z,, z,)
— (exp(—2mie, B,)z,, exp(2mie, f,) z,). Hence =, (S) is abelian, so it is infinite
cyclic by the assumption. Any generator of z, (S) is a product of some powers of
h and q. So S is a diagonal Hopf surface.

Case 3. Assume r = 1. Then S = L (m, B) (P, x C). We may assume that mf = n
(a positive integer) and the lattice of C = Z + Zw by multiplying the global
coordinate of C by a suitable constant. By [ibid., p.688] S=CxC/GuCxC
where ((s,{)) and (¢, &) are identical if and only if ™! = 5", ¢ ={ + (logs)/2ni
modZ + Zw and G is the group generated by a transformation g:(s,{)
— (exp(2zi/m) s, { — B). Since [B] is a point of order m, the integers m and n are
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relatively prime. Hence there exist integers p and ¢ such that pm+qn =1. The
group G is generated by g2. In fact g = (g%)". Therefore by taking g? instead of g, we
may assume f§ = 1/m. We define a holomorphic mapping f of C> — (0,0) into S by

S¥(5,0) = (zz exp (- (1/m)log z,), log z, [2mim),
SH60) = (2,2;,7, log 2, [2mi).

Let & be a transformation of C2-— (0,0): (z;,z,) —(expQuimw)z,,
exp (2niw) z,), H a group generated by 4. Then H operates on C* — (0, 0) properly
discontinuously and freely. The quotient S, := C? — (0, 0)/H is a compact complex
surface and turns out to be isomorphic to S by f. Hence S is a diagonal Hopf
surface. Q.E.D.

(5.4) Lemma. Let S bea V11, surface with two cycles A and B of rational curves. Let
n: S — D be a one-parameter smooth proper family,.of and # divisors of S flat over D
such that (F,of , B)o = (S, A, B) and.sf, and B, (t * 0) are smooth elliptic curves. Then
Jor any small |t|(1+0), #isa dlagonal Hopf surface with two elliptic curves.of, and
B, blown up with centers points lying ons/, and B, . The curvessf, and B, are proper
transforms of o, and B, .

Proof. We have H°(S,mK) =0 for any m>0 by (2.8). For any small ||,
H°(%;,mK 4) =0 by the upper-semicontinuity. By (2.14) H, (%, Z) = H,(S,Z) = Z
Let &, be the minimal model of S; . Then we have h°(%,, mK 2)=0,H (%, ,2) =

and there are two elliptic curves.o/, and %, on %, that are images of 7, and B,. Smce
7, (X)) =7, (%) = 7, (S), there exists an unramified Galois covering f: $* — S with
covering group G for any unramified Galois covering 4: X* - %, with covering
group G. As there are at most two cycles of rational curves on S*, hence the inverse
images of 4 and B only, the covering f must be cyclic and by (2.14), H, (S*,Z) =~
Hence G is cyclicand H, (X*,Z) = Z. Consequently by (5.3) Z;is a dlagonal Hopf
surface with two elliptic curves o/, and %, and therefore o#2 = #2 = 0. So b,(%)
= the times of blowing-ups of %,. Since (£ =¢ (S)2 2B —of 2
~ B2, and ¢, (¥£)* = —b, (&), the centers of blowing-ups of Z, lie on the curves (or
the proper transforms of) <7, and 4,. Q.E.D.

(5.5) Let D={teC;|t|<1}, D'’=D-{0}, T=D'xD'. Define a transfor-
mation g of T'x (C2—(0,0)) by g(¢,, t,,2,,2;) = (¢, 15,1121, 1, 2;) and let G be the
group generated by g. Then it is easy to see that the group G actson T x (C2 — (0, 0))
properly discontinuously without fixed points. Let & be the quotient of
Tx (C*-(0,0)) by G, n: & — T the natural projection. Then 7 is proper and
smooth, any fiber ™' (¢) is a diagonal Hopf surface. For a pair of holomorphic
functions o, and o, with 0 < |a,(£)| <1 (teD’,v=1,2), we define & («,, o,) to be
the pull back of & by the holomorphic mapping (a,,«,) of D’ into T.

(5.6) Lemma. By choosing a general family n: & — D in (5.4), there exists a dense
subset D* of D such that &, has no meromorphic functions except constants for t € D*.

In order to prove (5.6) we suffice to prove the following two lemmas. See (5.9).

(5.7 Lemma. Let S bea VI, surfacewith two cycles A and B of rational curves. Let
@: & = T' be a semiuniversal deformation of S, T= {teT'; h' (¥, —Kg)=b,+1},
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F=0 YT, n=dy4 S TwhereTisassumed to be reduced. Then there exist two
divisors of and B of & flat over T such that

(5.7.1) (Sd,B) = (S, 4, B),

(5.7.2) (&, B) is versal at 0 in the sense that for any given smooth proper f:
" T" with two divisors " and %" flat over T" such that (%",
A", By =(S, 4, B), there exists a Cartesian diagram (by shrinking T" )

yu ——— Sp

H

va Jv"
T T
h

such that h(0) =0, 9" = H*o, B" = H*A.

(5.7.3) Let ty be any point of T sufficiently near to 0. Then (¥,of , B) isversal at t, in
the sense of (5.7.2). In other words, for any given smooth proper - " — T" with two
divisors.of " and B" of " flat over T" such that (¥",", B")g = (LA, B),,, there
exists a Cartesian diagram

y/r —_ y
H
’ J Jn
T/r T

h
such that h(0) = t,, of" = H*d, B" = H*B.

Proof. 1n what follows we shrink 7' around 0 if necessary. Since h?(%’, — K %)
=h°(%',2Kg4)=0forany reT’, wehave R'®, (—Ky), * H' (¥, — K %) and
W(, - 5,,) =h(%', —Ky)+by=b, or by+1 by h' (S, —K5) = b2+1

h° (S, — Kg) = 1 and the upper- semlcontmulty Hence T is an analytic subset of 7
containing 0 and ¢ is contained in T iff h°(¥, —K #) = 1. The coherent sheaves
R'n,(—K,) and R°n, (—K,) are free O modules of rank b,+1 and one
respectively. Then a generating section of R%n,(—K ) gives a divisor 2 of Zflat
over T such that 9, = 4 + B, 2 has two connected components.of and #, P =/
+ A. Let f1 & — T" be a smooth proper family with two T flat divisors.«/ " and
A" such that (", ", B")y =(S, 4, B). We shall show K, +./"+ B"=0 by
shrinking 7" around O if necessary. Let F = K, +.o7/" + B". Then F = Fyisaflat
line bundle forany ¢ (s € T") because F, is tr1v1a1 So F,can be viewed asa C *_valued
continuous function of ¢ since H! (", C*) > H* (S, C *) = C*, Moreover since.oZ,”
is either an elliptic curve or a cycle of rational curves, Ker(H!(%",C*)
> H'(d",0%) is discrete. Since F, o =(Ky+d/)yr=0,, F=1
(trivial), the function F, reduces to a constant, hence identically trivial. Hence
F= f*] for aline bundle L of T". So K+ " + #" = 0 by taking 7" smaller,
therefore h°(%”, — K &) = 1 forany te T". By the semi-universality of @, we have
a Cartesian diagram
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y” yl
H
Tn T’

h

Since A°(%”,—-K ) =1, W (%", -K g)=by+1, we have h(IT")cT,
H(¥")c & Then H*d = /" H*B = B" because O (—A"—RB") =0 (K )
~QL 0 xH*QLr = H*0(K,) =H*O (~ —B) =0, (—H*oA — H*B)
and i°(F”, — Ky ¢) = 1forany te T". Next we shall prove (5.7.3). Let ¢, be a point
of T sufficiently near to 0 so that R°n,(—K,) 2O, R'n, (—K,) = 02%+! near
ty. Let f1 &”— T be a proper smooth family with two T” flat divisors.« " and 4"
such that (%", ", B"), 2 (S, A, B),,. By the same argument asin (5.7.2), we have
K+ sf”+99”— 0. On the other hand A°(%',0,)=h(%",0,)=0,
h1 (¥,04)=2b,isindependent of 1 (e T") so that &: & > T'isa semi-universal
deformation of 9, if ¢, is sufficiently near to 0. Hence we have a Cartesian diagram

y” yi/
H
Tn Tl

such that £ (0) = t,. By k' (%", —K ) = h°(%", —Ky) + b, = b, + 1, we have
AT T, H(&F ) e & and H*o = &i” H*% =23#" by the same argument as in
(5.7.2). Q.E.D.

(5.8) Lemma. Let n: & = T be a smooth proper family in (5.5), U= (D")?
X (C*)**t (a, b>0), & = & x (C*)**?, p the natural projection of & onto U, &, a
divisor of Z defined by z; = 0 (a smooth family of elliptic curves over U) (i = 1,2).
Define sections of & over Uey, ", e, f1,"*", J, by

ei(tl’t2asla'”>sa’u17'”5ub)=(tl’tZsoasiasls”"sa’ul"":ub)e
fj"(tlst27sla.“,Sa9u1’“'5ub)=(119t27uj’09515'”9sa5ula’“aub)'
Blow up & successively with centers e, ", e,, f;, ", J; to obtain a smooth proper
Samily & &— U with two U-flat divisorssf and # such that &, (ue U) is a blown-up

diagonal Hopf surface with two elliptic curves of, and B, and 4} = —a, B2 = ~b.
The family & is versal at any ue U in the sense of (5.7.3).

Proof. The argument in (5.7) can be applied to prove (5.8) if we check the following
58.1) K,=—-o — %,
(58.2) (%, -Ky)=1,h (%, —Ky) =a+b+1 forany 4,

(5.8.3) h1(%£,0,)=0(9=0,2),h' (%, 0 4) = 2(a+b)forany u.(5.8.1) follows
from Ky, = — & — &,,and ¢;(U) < & (or its proper transforms) and f;(U) < &, (or
its proper transforms). By (5.8.1) A°(¥%, —K %) 2 1. Let o/ and % be proper
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transforms of &, and é"’z respectively. Since.s7, and 4, are irreducible and .«/? < 0,
Bt < 0, we have h°( Kg) = 1. By Riemann-Roch and #* (&, — K ) = 0, we
have (y,j, Ky)=a + b+1. Next we shall prove (5.8.3). First we have
h (% y)-h"(y QL® QL) =h(Z,, Q% ® Q% )——0 On the other hand
h(Z, i,,)— 2 or 4 according as i, # tz or t,=1t,. It is easy to see that
Aut? (ZZ’ ) 2 (C*)?or GL(2, C) Hence Aut’(%) = {1} becausea b > 0. Therefore
W (x O,) =0, and e 0 4) = 2(a+ b) by Riemann-Roch. Q.E.D.

(5.9) Proofof (5.6). Let n: &— T be the versal family with two T-flat divisors.o/
and # in (5.7). Then Q = {te T, or &, is singular} is an analytic subset of T of
codimension one. On the other hand in the family &: #— Uin (5.8) P.= {ueU; ¥,
has non-constant meromorphic functions} is {(¢,, 5, 51, """, 4); 1} = 15 for some
positive integers 7 and m}, a countable union of analytic subsets of U. Hence by
taking a general curve in T passing through 0, we have a family /: " — D with
divisors /" and %" such that (¥",",#") =(S,4,B), " and %, are
nonsingular for ¢ + 0 and %" has no meromorphic functions except constants for ¢
contained in a dense subset D* of D. In fact, D* = D with a countable subset
deleted. Q.E.D.

(5.10) Lemma. Let n: &— D be the same as in (5.4). Suppose that there exists a
dense subset D* of D such that & has no meromorphic functions except constants for
teD*. Then there exist holomorphic functions «, and o, on D, sections e, "+, e,
(resp. fy, -, ) of & (resp. of &) or its proper transforms over D' where &, is a
divisor of & (x,,a,) defined by z, = 0 such that

(5.10.1) O <jo()| <1 fort+0, order a; at t =0 = § (irreducible components
of B), order a, at t =0 = § (irreducible components of A)

(5.10.2) ' =n""(D') is a blowing-up of & (ay,x,) with centers e, -, e, and
Siso e =" N and B' = F' N B are proper transforms of & and &, .

Proof. %(t+0) is a blown-up diagonal Hopf surface by (5.4). Since exceptional
curves of the first kind are stable by small deformations [13, Theorem 5], we have a
smooth proper family 4: & — D’ of minimal diagonal Hopf surfaces by blowing
down exceptional curves simultaneously. Let &' ="' (D), f: &' — & be the
natural mapping (blowing-down), & = f(s/ N <), B=f (BN ). Then o,
and £, are nonsingular elliptic curves with [o7,] and [#,] flat. Therefore
W&, Qg (logst)) = h°(Z,, U, (log B, )) =1 by the proof of (3.4), and by
Riemann-Roch, A'(%,, Qi (loge))) = h'(Z,, Qi (log#,)) = b, + 1 even if Z,
has nonconstant meromorphic functions. Hence R, Q) (log&/) and
Rh, QL (log &) (g = 0,1) are free ¢, modules of rank one and b,+1. Lets; and
8, be generating sections of R°h, QL (logsf) and Roh Q,,D (log &), v
a generator of n,(Z)) (=Z by (5.4)) contamed in &, — . We define ¢,(?)

= exp <2ni {s;). Then a,(¢) is a holomorphic function on D’. By [12, 11, p. 703]

Y
we have either 0 < |o;(#)] <1 (i=1,2) or |a; ()| > 1 (i=1,2). We may assume
0 < {o;(1)| < 1 for some ¢,,. Then it follows that 0 < |a;(¢)| < 1 for any ¢. Indeed,
if thereis ¢" with |, (¢") | > 1, then thereis ¢ on an arc connecting 7, and ¢’ such that
la;(#")| = 1 which is a contradiction. Hence by (5.5) we have a smooth proper
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family 7: & (o, ,) — D’. Next we want to define a holomorphic mapping F of &
into & (2,,a,). For this we need the following claim.

(5.10.3) & — — & has a section o over D'

Proof. 1f U; is a sufficiently small open subset of D’, then we have a section o;
of &~ — B over U;. Then we define a holomorphic mapping F; of & 1nto

X (oy,2,) over U; by F(t,p) = <t, exp <27zz | sl>, exp <27r1 j 52». By (5.9
o.{t) o [£3]
F;(¢, )is anisomorphism for ¢ contained in D* A U;, hence for any zin U;.Let Gbe

a group generated by #;, a transformation of U x(C*—-0) deﬁned by h;:

(6x;,7) > (Lo ()x;, ax(Dy). h” (AT 1somorphlc to U;x(C*— 0)/G
Therefore % isa union of U; x (C?—0)/G where (¢, x;, y;) and (£, x, yk) areidentical
iff x;= f, () x, y;= gjk(t) ¥, mod G for nonvanishing holomorphic functions f,
and g, on U;n Uj,. (This is the case because D* is dense in D.) Consider an exact

sequence of sheaves of abelian groups, 0 »Z—— (0F)* > 4 — 1 where i is
defined by i(n) = («,(1)", 2, (1)"). Then a set of pairs (f,(¢), g;(¢)) defines a one
cocycle on D’ with coefficients in .4, Since H* (D', #) = H?(D', Z) = 0, there exist
nonvanishing holomorphic functions f and g; on U such that (f, gj) = ( SieJe> &ix &)

mod G. Then o = U {(t,x;, ;) = (1, [;(D), g;(0)} is a section of & —.o/ — B over D’

as desired. Thus the proof of (5.10.3) is complete.
Now we define a holomorphic mapping F of & into & (x,,a,) by F(¢,p)

14 p
= (t, exp <2m’ | s1>, exp (Zni ] s2>> where o(?) is a section of & —.of — # over
28 o)

D'. By (5.4) F((z,) ) is an isomorphism if ¢ is in D*. Therefore F(¢, ) is an iso-
morphism for any ¢, hence Fis an isomorphism of & with & («, , o, ) over D', Clearly
F(/) = 6, F(#) = &,. By the definition of %, we have sections e,, -, e, and
Jis s foof I (g, ;) such that &’ is a succession of blowing-ups of Z («, , «,) with
centers e, -+, f,. By the proof of (5.7) we have K, = —o/ — &, so e;(D) and
f;(D) are contained in ./ + # or its proper transforms. By &> = —a, ,@2 —b,
we may assume ¢;(D) <.o/ or its proper transforms and SiD)= 2 or its proper
transforms. Both.o/ and 4 are elliptic surfaces over D. Since K, =~ (K, +.%¢), ~0,,
Ky ~(Ky+ B)g = 04, both o/ and # are minimal along .o/, and &,, hence by
[11, II. p.597], the order of &, at t = 0 equals # (irreducible components of B),
the order of a, at 1 = 0 equals § (irreducible components of 4). Q.E.D.

(5.11) Lemma. Let S be a V11, surface with an elliptic curve E with E* = —nanda
cycle Z of rational curves. Then there exists a one-parameter smooth proper family
n: & — D with two divisors & and Z flat over D, holomorphic functions o, , o, on D,
nsectionse,, -, e, of & (or proper transforms of &,) over D’ where &, is a divisor
z,=00f X(ay,0,), D'= D — 0 such that

(5.11.1) (% & Z),=(S, E, Z),

(5.11.2) O <juy ()] <1(t*0), order a, at t = 0 = §# (irreducible components of
Z), o, (1) is constant and 0 < |o, (1)} < 1,

(5.11.3) & has no meromorphic functions except constants for generic f,
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(5.11.4) &£ =n"Y(D')is a blowing-up of ¥ (e;,a,) along e,(1 L i< n), and &
are proper transforms of &, and &, and 8* = —n, Z* = 0(1 + 0) where &, is a divisor
2, =0 of T(uy, ).

Proof. By (4.6) there exists a one-parameter family n: & — D with two divisors &
and Z flat over D such that (¥, &, Z), =(S,E, Z), and & = E, Z, is a smooth
elliptic curve for ¢ # 0. By the argument similar to (5.7) we may assume that % has
no meromorphic functions except constants for generic ¢ by choosing a general =.
Then by the same argument as in (5.10) &' = =~ ' (D') is a blowing-up of & (a,, ®,)
along n sections e, -, e, of & (or proper transforms of &, ) where «; are bounded
holomorphic functions on D. Since &? = E*= —n, &? = Z? = 0, the centers of
blowing-ups are on &, or the proper transforms of &, . Since the periods of & are 2ni
and log a, (¢), o, (#) must be constant, and we may assume 0 < {a,(#)| < 1. Since &
is an elliptic surface over D and Ky = (K, + Z) 5= 0, as in (5.7), Z is minimal
along &, = Z. Hence the bounded holomorphic function «, (¢) has a zero of order
# (irreducible components of Z) at t=0. Q.E.D.

§6. Duality

(6.1) Theorem (Duality 1). Let S be a V11, surface with two cycles A and B of
rational curves. Then

A* = — 4 (irreducible components of B),

B*= — 4 (irreducible components of 4),

and b, =4 (irreducible components of A+ B), there are no curves other than
irreducible components of A and B.

(6.2) Let a=—4* b= —B* r=14 (irreducible components of A), s=4§
(irreducible components of B) and let A = Z A,, B= Z B, be the decom-

v=1
positions of 4 and B into irreducible components such that

44 = 1 (A=v+ 1{modr), B = 1 (A=v* 1mods)
A0 (A% v, v+ 1modr), AYT0 (A% v, v+ 1mods).

We recall Kg= —A4— B, b,= —c} = —A*— B*= a+ b by (2.1.2) and (2.8).

(6.3) Lemma. Let N be a line bundle on S with NA >0 or NB > 0. Then
hO(S, N) = 0.

Proof. Without loss of generality we may assume N4 > 0. Assume H°(S, N) +0.
Then there exists an effective divisor E such that [E] = N. By (2.9) we can express
E=F +FE,+ E, with supp(E,) = A supp (E,) = B, supp (E;)n(4d uB) = ¢. By

assumption E, 4 >0. Let E, = Z n,A,. Assume r>1. Then Ej A=)
A=1

(2+ A%)n, < 0 which is absurd. So r=1.Then E, =nd, E, A =nA* < 0by(2.12)
which is again absurd. Q.E.D.
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(6.4) Lemma. Let L be a line bundle on S with [? = KgL = —1, LA = 1. Suppose
that A* & —1. Then there exists an irreducible component B, of B such that LB, + 0.

Proof. Assume that LB, = 0 for any irreducible component B, of B. Then L, (the
restriction of L to B) is flat. Since H' (S, C*) @ H' (B, C*) by (2.14), there exists a
flat line bundle F on S such that Fy= L. Hence by taking L — F instead of L we
may assume L, to be trivial. By L4 = 1 and (6.3) we have h°(S, L) = 0. Hence
h°(S,L — B) = 0. By Riemann-Roch and Serre duality, we have ! (S,L — B)
=h*(S,L—B) + (—KsL+ KsB+(L— B)?)/2 = h*(S,L— B) = h°(S, — L — A).
Since A%+ —1, we have (—L— 4)A4 > 0. Hence by (6.3) h°(S, —L—4) = 0.
Therefore h°(B, L) < h°(S, L) + h'(S, L — B) = 0 which contradicts h°(B, L)
=h°(B,0p) =1. Q.E.D.

(6.5) Lemma. There exist line bundleson S, L;, M, (1 < j< a,1 <k £b) such that
a b
(651) A=-3Y L, B=— ) M, in H*(S,Z)
ji=1 k=1
(6.52) Li=M}=-1, KL= KsMk -1, LLi=LM, =MM=0
(i}, k=i=l) where a = — A%, b=
Proof. By (5.4) there exists line bundles Liand Mion (1+0)(1£jSa,15k<bh)

such that & = — Z L, B =— Z M; in H*(%,Z) and L?=M,* = —1,
=1

KyLj=KyMj=-1, L;L;= L;Mk MkM, =0 (i+j,k=+/). Since H* (%, Z)

~ H?*(S,Z), H (S, (OS*) - H %(S, Z) is surjective, there are line bundles L; and M,

on S as desired.

(6.6) Proofof (6.1). Suppose first min(a, b,r,s) = 2. Since L; and M, is a Z basis

of H?*(S,Z), we can express

a b

4, = z:nkjlﬁ‘+ 2:'"Lkhﬂ’
i=1 k=1
a b

By= ) ni;Li+ 3 my M,
=1 k=1

for certain integers n, ;,n ;, m; ;, m; .. By applying (6.4) to L = L;, there exists at
b
least one ] ; + 0 for any j. By (6.5.2) B= — Y. M,, there are at least two n) ; % 0
k=1

for any j. On the other hand there is at least one m} , + 0 for any k. Therefore

b=—B*=—-Y B?—2s

A=1

=y )+ Yy (M) —2s22a+b-2s.
A Ak

Hence s 2 a. Similarly r = . However since the intersection matrices (4, 4,) and
(B, B,) are negative definite in view of (2.12), 4, and B, 1 £A=r, 1 Ev ) are
linearly independent in H2(S, Z). In other words b, = r + s. Since b, = a + b, this
implies that b, =r+s, r=»5, s =a.
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If min (a, b, r, s) = 1, then by taking a double covering 7: S* — S, we have a VII,,
surface $* with two cycles A* and B*, A* = 1~ (4), B* = n~ ' (B). Then (4*)*
=247% (B*?=2B% # (irreducible components of A*)=2% (irreducible
components of A), :{i (irreducible components of B*) =24 (irreducible com-
ponents of B). So we can apply the above result to S* and have r = b, s = a. The
remaining assertion of (6.1) is now clear from (2.9). Q.E.D.

(6.7) Corollary. m; ,, n; ;= %1, 0r 0, ng i, My=—10r0
Bl{n, ;#0124 =1, ##{m, + 012151} =2
B{n, ;#0124 =2, #{m)(+0;1ZA<s} =1

for any j and £.
Clear.

(6.8) Theorem (Duality I). Let S be a VI, surface with two cycles A and B of
rational curves. Then there exist positive integers p;, q;(23) such that

Zyke[(A):(p1’2’...’2,p2’27...’2’ ..... ,p",z,"',Z)
(g:—3) (g,—3) (g, —3)
Zykel(B)=(2,""*. 2,41, 2, 2,4y, " Gr12222,4,).
Pi—3)  (P2—3) (Pn—3)

More precisely, by renumbering L; and M, if necessary,

AA=M1~1"MA‘ZLJ" B,=L,—L,,, - sz
jely kel,
where

Li={meZ; R+1<m=<R;,} (A=8;+1 for some j(0<j<n—-1))

¢ (otherwise)
JvI{mEZ,SJ_1+1§m§SJ} (v:R}forsome](léjgn))
¢ (otherwise)
Jj
(1<,1<r 1<V<S)andR Z (p' j= Z(ql——Z)’R": s.(See(1.4)forthe
definition of Zykel( ).) i=1 i=1

Proof. In the following proof we denote {meZ; a < m < b} by [a, b]. By (6.7) we

have 4,4, = — i m; m, ., BB, =— i ny ;n, ;. (Notice that r =5, s=a.)

Since 4,4, , —klzitiH =1, there are a{t= ieast one m; k(=€=0) and at least one
n, ;(*0) for any A and v. Since 4,B = B, A = 0, we have Z m, =0, Z n,

for any A and v therefore Z m, =2, Z m, 722.0n the other hand by (6 7) or

k=1

the proof of (6.6) we have Zm“ ‘-Zr Zn = 2s5. Hence Z my =2,
k=1

Z n, ;= 2. This implies that there are exactly two nonzero m, , and two nonzero
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n, ; with distict sings for any A and v. Therefore by reordering L; and M, suitably,
and by the relations 4,4,.,=B,B,.,=1,4,4,=B,B;=0(A+v,v+ 1 modr;
a# B, B+ 1mods), we can express

AZ.:M/I—I—M}L_' Z L]
jel
Bv = L v+ 17 Z Mk
keld,
where [, 11 --- L1 ], (disjoint union) = [1,s], J; LI --- 11 J, (disjoint union) = [1, r].
We may assume, by a cyclic permutation of irreducible components of A4,

Zykel(A)=(pl’z,...’z’pz’z’...’z, ..... ’Pnsza".a2)~

———— e

g—3)  (q.—3) (g.—3)

This is equivalent to the following: #(Ls,.,) = Ry, — R; =pj.1— 2, [;= ¢ if
A% S;+1 for any j where S;= (q1—2)+ “+(g;—2). Let N be the set of all
v w1th J,=¢, N= {TI,TZ, -, T,} where Ty <T,<--<T,. Set P=1I,,,
Jk= Jr, . For any v with 7, + 1 < vET,y,— 1, wehave B,=L,— L,,,, hence
by ASJHB =0, I contains v iff I contains v +1 This 1mphes that F contains
[T.+1, T Jor FA[T,+1,T,,,] = ¢. Since Iis nonempty and the disjoint union
of [T, +1,T,.1]is [1,5], F contains [T;;,+ 1, T(;+1] for some k(j) and m = n.
By the same argument, J* contains [S;4 + 1, Sjay+1] for some j(k) and n = m.
Hence wehave m = nand I = [T, ;,+ 1, T+ 1] J* = [Sjp0 + 1, Sjgy+1]. We may
suppose, without loss of generality, that I° = [1, R,]. We shall show that k(j) = J,
jlky=k—1,T,= R;. By Ag;, By =0,
BUSNIY — H(S;+ 13 AT + $(P AT — PN (Tt 1) =0
This is equivalent to the following
68.1) j=jk)iffk=k()+1,
(6.8.2) j=j(k) + 1iff k= k()).
By 4, =M, — —(Ly+-+ Lg,), 4,B,=0, we have that B, =L, - L,
(1SAZ2R,—~ 1), JR contains 1. Hence T,=R,, J'=1[1,5,],j(1) = 0. By (6.8.2)
1=j1)+1 1mp11es that 1 = k(1). We shall show by induction on [/ that
k(h=1Lj(l)=1—1. We assume j(/) = [—1. Then by (6.8.2) / = k£ (/). By (6.8.1)
[+ 1=Fk()+1 implies that l=j(l+ 1). Consequently F=[T;+1, T;,,],
J*=[S-;+1,8,] Since $(F)=T,,, —T;=R;., — R; and T, = R,, we have
T,=R, for any j. Thus B} = —-2—(S;,~S;_ l) —-4q;,
Zykel(B) =( 5", 25 qxa T, qn—l’za T, 2’ qn)

Sy e S

(py—3) (Pa—3) Q.E.D.
(6.9) Theorem (Duality III). Let S be a VII, surface with two cycles A and B of
rational curves. Then H,(A,Z) and H,(B,Z) are primitive sublattices of the

unimodular lattice H, (S, Z), each being the orthogonal complement of the other. And
we have, |det (4, A4,)| = |det(B,B,)|.

Proof. We have an exact sequence,
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0~ Hy(S— 4,Z) > Hy(S, )~ H, (5,5~ 4,Z)
- H, (S—A,2)— H3(S,Z)——-g—-> H. (S, S—A,Z)

- Hy(S— A, Z) - H,(S,Z)—" H,(S, S~ 4,Z)
—H(S—A,2) > H,(S,Z)— H,(S,S— A,Z) > 0.

We notice that H, (S, S — 4,Z) = H*"*(4, Z) by the generalized Poincaré duality.
Hence f'is an isomorphism, and H, (S,S — 4, Z) = 0. And g is an isomorphism too.
In fact, since H3(S,Z) = H'(S,Z) and g is equivalent to the natural homomor-
phism H' (S, Z) — H' (A, Z) which is an isomorphism by (2.14). Now we shall show
h is an epimorphism. By (6.5) H, (S, Z) is generated by (Poincaré duals of) L;and
M,(1=<j<s,1=k<r)and by (6.8) we have

h(M,) = ,1; (M A) [A T = (4] — (4]
h(Lj) = [Ases1I* (Rg+ 1SS Ryyy).

Consequently Im () contains all [4,]*, hence A is an epimorphism. Therefore H, (S
—~A,Z) xH (S,Z)and H,(S — A4, Z) is the orthogonal complement H, (4, Z)* of
H;(A,Z)in H, (S, Z) with respect to the intersection product. Clearly H, (B, Z)is a
subspace of H,(S,Z) by the natural homomorphism, orthogonal to H,(4,Z).
Hence H, (B, Z) is contained in H, (A4, Z)*. We shall show H,(B,Z) = H,(A4, Z)"
Since rank H, (B, Z) = rank H, (A, Z)*, any element P of H,(A4, Z)! can be written

asP = ) a, B, for certain rational numbers a, . By the same argument as above we
A=1

can show the surjectivity of the homomorphism of H, (S, Z) into H,(S,S— B,Z)
=~ H*(B,Z). So there exists N, in H,(S, Z) such that N, B, = §,,. Hence a, = PN,
is an integer and therefore P is in H,(B,Z). Thus H,(S— A4,Z) = H,(A4,7)!
= H,(B,Z). Moreover since h is surjective, we have H,(S,Z)/H,(B,Z)
= H,(S,Z)/H,(S—A,Z) =H,(S,S— A4,Z) >~ H*(A,Z), therefore H,(B,Z) is a
primitive sublattice (that is, H, (S, Z)/H, (B, Z) is free). Similarly H,(4,Z) is also
a primitive sublattice of H, (S, Z). On the other hand since H*(4,Z) and H,(B, Z)
are dual lattices of H,(A,Z) and H, (B, Z) respectively, we have

Idet(d4,4,)| = [H*(4,Z): H,(4,7)]
= [H*(B,Z): H,(B,Z)] = |det(B,B,)|. Q.E.D.
(6.10) Corollary. H,(S—A4,Z) =H,(S—B,Z) 2H,(5,2) = 7.

Proof. Since H,(S,S— A,Z) =~ H*(A4,Z) = 0 and h is surjective, we have H, (S
—A4,Z) ~H,(S,Z). By (2.14), H,(S,Z) = H;(4,Z) = Z. The assertions for B
follow in the same manner. Q.E.D.

(6.11) Lemma. Ler S be a VIl surface with an elliptic curve E and a cycle Z or
rational curves. Then E* = — 4 (irreducible components of Z) = —b,, and there are
no curves other than E and irreducible components of Z.

For the proof of (6.11) we need three lemmas that can be verified in the same
manner as (6.3) (6.4) and (6.5).
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(6.12) Lemma. Let M be a line bundle on S with ME > 0. Then h°(S, M) = 0.

(6.13) Lemma. Let M be a line bundle on S such that M?> = KM = —1, ME = 1.
Then E* = —1 or there exists an irreducible component Z, of Z such that Z,M % 0.

(6.14) Lemma. There exist line bundles M, (1 <k £ b,) on S such that

b
(6.14.1) H*(S,Z)= @ Zc(M,),

k=1
(6.14.2) E=—(M,+ M+ +M,),
(6.14.3) M2 = KM, = —1, MM, =0 (k+1).

(6.15) Proof of (6.11). Let n be # (irreducible component of Z), Z = ' Z, the
A=1
decomposition of Z into irreducible components. Assume E2 + — 1, n+ 1. By (6.14)
by

we can express Z, = Y m, , M, with integers m, ,. By (6.13) there is at least one
k=1

m; (*0) for any k. Since ), Z;=Z=0 in H*(S,Z), we have at least two
i=1

m, (*0) for any k. Hence Y m3, 2 #{m, , ¥0;1<1<n 1Sk<bh,} 2 2b,.
ik

On the other hand 0 = Z?> = —~ Y m? , + 2n. From this we infer n > b, . However

2k
rank (Z,Z,)isequalton —1,and EZ, = 0, E> = —b, < 0, which shows b, > n, so
by=n,m,,=0, +1. If E?= —1 or n=1, then by taking a double covering
n: $*—> S of S, we have b,(S*) = § (irreducible components of 7 *(Z)) = 2n,
b,(S*) = 2b,(S), s0 b,=n. Q.E.D.

(6.16) Corollary. With the notations in (6.15), by reordering M, suitably,
E=—-Y M, Z,=M,—-M, (n>0orZ,=0(n=1).

k=1
Proof. Wemay assumen + 1. By (6.15)m, = Oor +1.By Z? = -2, #{m, , +0;
1<k<n}=2 By Z,E=0, we have 4 and A’ for any k such that my =1,

my ,=-—1. By Z,Z,,,=1. We have our assertion by reordering M, if
necessary. Q.E.D.

(6.17) Corollary. H,(S—E,Z) ~H,(S,Z) ~Z, H,(S— Z,Z) ~7°.
Proof. There is an exact sequence;

— H,(S— E,Z) - H,(S,Z)—~ H,(S,S~ E,Z)

- H,(S-EZ)>H(S,Z)— H(S,S-EZ)~0.

By the isomorphism H,(S,S —~ E,Z) ~ H*"*(E, Z), h is given by h(M,) = —[E]*
e H*(E,Z) = Z[E]* for any k. Hence H,(S—E,Z) ~H,(S,Z) ~Z by (2.14).

Similarly  H,(S—Z Z)=Z[E], H,(52)= @Z[M,), H,(5S~Z22)
n k=1
~HYZ,Z) = @ Z1Z,)% H,(S—Z,Z) =H,(S,Z)® Z[Z,]*. Q.E.D.
A=1
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§7. Parabolic Inoue surfaces

The purpose of this section is to prove the following

(7.1) Theorem. Let S be a V11, surface with an elliptic curve and a cycle of rational
curves. Then S is isomorphic to a parabolic Inoue surface S(t,n), n = b, (S).

(7.2) Let Sbe a VI, surface with an elliptic curve E with E2 = —n, and a cycle Z
of rational curves. Then S has no meromorphic functions except constants, and
K+ E+Z=0,by,=n, Z*= 0, EZ =0 by (2.8), (2.12), (6.11). By (2.5) the line
bundle [Z] is flat. Hence we can choose an open covering U, of S, equations w; = 0
defining Z N U; such that w; = f, wy, £, € C*, and the one cocycle f;, represents [Z].
Then we define a meromorphic 1 form ¢ on S by ¢ = w; ' dw; (onU)). Since
EZ =0, ¢ is holomorphic on a neighborhood on E.

(7.3) Lemma. The restriction ¢ of ¢ to E is a nontrivial holomorphic 1 form on E.

Proof. By the same argument as in (2.14), we can show that i,: H(E,Z)
— H,(S,Z) is surjective. If the restriction ¢, is zero, then we have for any
yeH,(E,Z)

S ¢ = f pr=0.

iy ¥

r
Therefore exp <j (p) is a nontrivial holomorphic function of p (p e S) where o is a
point of S — Z. It is a contradiction. Q.E.D.

(7.4) By (5.11) 7,(S) =~ Z. Let n: § — S be the universal covering of S. Lety bea
generator of n, (S) which corresponds naturally to a transformation g of S. Let W

p i~
= W(p) = exp (j q)). Then W is a single-valued holomorphic function on § and

satisfies g*W = BW for a constant f(#0).If || = 1, then |W |isa C® function on
S satisfying the maximum principle. Since S is compact, this implies that W is
constant which is a contradiction. Therefore | | + 1. We may assume || < 1 by
taking g~' instead of g if necessary. Since K+ E+ Z =0, there exists a
meromorphic 2-form y with polesalong E+ Z, i.e. (¢} = — E— Z. Wemay assume
Res, .y (= the residue of w along E) = ¢ . Moreover via the natural isomorphism
Q(Z) =2 Og(Kg+Z) ~Og(—E) induced by the nondegenerate pairings
QUEYXQYZ) > Q3(E+2Z) =0Osy =05, and QL(E)x Og(—E) > Os, we
have a holomorphic vector field 6 (£0) on S with 0 (y) =

(7.5) Lemma. We can choose an open covering U,(j € J) of an open neighborhood U
of E such that EnUj: x; =0, @ = w bdw;, y = x7'w; 'dw; A dw;, 0 = x;0/0x; on
U; where x; and w;(= W|U,-) are parameters on U;.

Proof. We choose a coordinate covering U;(j € J) of a neighborhood U of E with
parameters z; and w,( Wy). Indeed w; is always part of parameters on a small
nexghborhood U in view of (7. 3). We express first y = fi(z;, w)) w; dz; A dw;.
Then f; is by the choice of y a holomorphic function on U such that f (0 w]) = 1
Then by a solution g; of a differential equation 0g;/dz; = z; TSz, w) — 1), we
define x; = z;exp(g;). Then x; and w; is a coordinate system on U, by shrinking U if
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necessary, and y = x; 'w; 'dx; A dw;. Then by definition 6 = x;0/0x; on
U. Q.E.D.

(7.6) Lemma. The set of zeroes of the vector field 0 is the union of E and singular
points of Z. Moreover index, 8 =1 for any singular point p of Z.

Proof. We denote by Zero (o) the set of zeroes of a vector field ¢. At a nonsingular
point p of Z we have parameters x and w(=W,) and write ¢ = w™'dw,
v = f(x,w)w™ ' dx A dw where f is a nonvanishing holomorphic function on U, a
neighborhood of p. Then 6 = f(x, w)~* d/0x by definition. Hence in particular 0
does not vanish at p. At a singular point p, we can write W= xy, ¢ = x ldx
+y tdy, y=fx"'y ldx andyand 0 = f 1 (x8/0x — yd/dy), with parameters x
and y at p where fis a nonvanishing holomorphic function. Hence Zero () contains
Sing (Z). In view of (6.11) and (7.5) Zero (6) = E uSing(Z) u{p,, ", py}, where
p; is an isolated zero of 0. Since E is a nonsingular elliptic curve and the local
structure near FE is isomorphic to that of the zero section of the normal bundle of
Ein S, we can find a differentiable vector field 8’ on a small neighborhood U of E
such that the one parameter group associated to 6’ induces nontrivial translations
of E. This means that 6" = a, 6/0u, + a;0/0v, + a,0/0v,, where z; = logw;, u; = a
linear combination of Re z; and Im z;, v, = Rex;, v, = Imx;, and g, = a non-
vanishing function on E. So we let 0" =0+ h0' with a differentiable function &
with support in U, h =1 on U’, U’ being an open set with U’ < U. Then Zero (")
= (Zero(h)nZero(0)nU) yU(Zero()N(S—-U")) =Sing(Z)u{py, . Py}
hence Zero (6”) is isolated. Now we can apply a theorem of Hopf. We infer that

the Euler number x(S) of Sis equal to )  index,(0") = n because index,
peZero(8")

(0") = index,(f) 2 1 for an isolated zero point p. In view of (6.11) x(S)=n
whence N=0, Zero (0) = EuSing(Z2), index,(0) =1 for any
peSing(Z). Q.E.D.

(7.7) Lemma. There exist w;eI (U;, Q5 (log(E + Z)) such that
y=w;AQ, do;=0, w;=w+ cp, ceH (S,C)
for an open covering {U;} of S.

Proof. Let Q= Ql(log(E+Z)). First we shall show that there exists
w; (el (U;, ©)) such that y = w; A @. If U; is contained in S — Z, then w; (= the
restriction of W to U;) is part of local parameters in view of (7.6) and its proof. Since

— . S i . - 2
(y) = —E— Z and w; is nonvanishing on S — Z, we can write y = w; A w; ' dw;

where o; is @ meromorphic 1 form with logarithmic poles along EnU;. At a

nonsingular point of Z, w; (=W, ) is a defining equation of Z, so that w; is part
of local parameters. Therefore there exists a holomorphic 1 form w; such that
w = w; A w ' dw;. Finally we consider the problem at a singular point p of Z. Let
U, be an open ball with parameters x and y with p: (x, y) = (0,0), W = xy. We can
write

y=F x,Nx 'y tdxady, o =x"tdx+y 'dy

with a nonvanishing holomorphic function fon U;. Then w; = (1 /2) SO, tdx
— y~'dy) satisfies y = w; A @. By the above choxcecu isin F( , Q). On UnU,we
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have w; = v, + g @. Since w; is in I'(U; ,Q), g; is a one cocycle in H' (S, 05). By
choosm g a finer covering of U if necessary, we have holomorphic functions g;and a
one cocycle ¢; in H' (S, C) such that

gn=—8+ &t tp, 0;+ 0=+ (g +Cp)o.

Let ¥ = w; + g;¢. Then dw¥ = dw} is a meromorphic 2 form with poles along
E+Z. Since K+[E+Z] =0, dof is a constant multiple of y, dw¥ = cy. We
shall show ¢=0. On a neighborhood U of a point p of E we can express
w=x"'wldcadw with suitable coordinates x and w= W,. Then
of =x"tdx+h(x,w)yw 'dw for a holomorphic function h» on U. Since
dw¥ = h (x,w)w™"dx A dw, we have h (x, w) = ¢/x which shows ¢ = 0. Q.E.D.

(7.8) Lemma. m,(S—E) =n,(S) = Z

Proof. Let n: ¥-» D be a one-parameter family in (5.11). Then it is clear that
T(F~ &) 2n (%K~ ) =n,(S—E). Since & is a primary Hopf surface
blown-up with centers on the image (&), of &, the natural homomorphism 7,
(a primary Hopf surface — (&,),) — n, (¥ — &) isonto. Hence n, (¥ — &) is abelian,
therefore n;(S— E) is abelian. In view of (6.17) n,(S—E) ~H,(S—E,Z)
~H (S,Z) (=n,(S) =Z. Q.E.D.

(7.9) Lemma. There exist a single-valued holomorphic function W and a single-
valued meromorphic function X on S, holomorphic at 1~ (E), such that

W =W, g*X=W"X,
v = a constant multiple of X *W " YdX A dW, o =W~ dW.

Proof. Number the irreducible components Z, of 7~ Y(Z) consecutively so that
g(Z,)=Z,,,(A€Z).Inview of (7.7) there exist meromorphlcl forms w; on U; with
logarithmic poles along E+ Z such that y = w; A @, do;=0, w;= a)k+ Cik @,
{cateH 1(S C). Therefore we have an open covering {U of § w1th ()

U ir 8(U2) = Ujy 4y and ¢;; € C such that ¢, = —¢;, + ¢, for U, n Uy, # ¢.

Therefore w=n*w;+c;;7n*¢p is a d-closed meromorphic 1-form on S with
logarithmic poles along n~ Y (E+ Z). Since K + [E + Z] restricts to the dualising
sheaf w, of Z(=0,) Res,y is a nonzero multiple of a generator w, of H°(Z, w,)
with Res,w, = + 1 for - any smgular point p of Z, say, Res,iv = wg/a. Let p, be the
intersection point of Z, and Z, , ;- Then we may suppose the Res,, (wg)z, = +1,

Res,, (o), = —1 for any k. Writing y = f(x,»)x™ 'y~ 'dx A dy on a neigh-
borhood ¥V of p,, we have a™* = f(0,0) by the proof of (7. 7) Lety = ay, ® = aw,

w(k) =& — (Resz, G)n*p, W=exp jn*(p, Xk=exp<jw(k)) Y, =X} (kel),

X = X, where o0 is a point of §— 7 1(E +Z). Then we have Res; . & — Res; &
= a(ResZk o —Resy w) =af(0,0)=1. Hence X, Y,=W. Since X and Y
are s1nglevalued meromorphlc on neighborhoods of Z, and Z, , 1 respectlvely, they
are meromorphic on the union of the neighborhoods. Repeating this argument, it can
be shown that X, and Y, are singlevalued meromorphic on a neighborhood of
7~ 1(Z). Hence X, and Y, are (possibly multivalued) meromorphic on § — n ™! (E).
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In view of (7.8), n, (S — E) ==, (S) =Z, hence :rz,(S ' (E)) = {1}. It follows
that X;and Y, are singlevalued meromorphic on § — 7~ ! (E). We have X, = W %X,
=WHk1x~1 X_, =W"X. Next we shall show that

g0
g X=X, c=exp< § co(O)).

In fact,

g*X =exp (g.fxa)(O)> =c-exp (g;fxw(O)> =c-exp (}g*w(0)>

o

—c-exp ((c,-m— &) 3“::*@) exp (’}w«»).

Henceg*X = cW™ "X_,,m= c;;,, — ¢;;. Bothg* Xand X_, are nonvanishing at
a generic point of Z_, so that n = m and g* X = ¢W"X. By multlplymg W by c'/n,
wehave g*W = W"X. On a sufficiently small open neighborhood U = { J U; of E, y

=X 'W ldx A dW, ¢ =W 1aW by (1.5). Since U is isomorjphic o a
neighborhood of the zero section of the normal bundle N of E, we have
projections p of U onto E and p of =~ (U) onto n~ ' (E) with np = prn. We may
suppose that V; = p (U)), U; = p~ ' (V)), {V;} isa covering of E. En Ujis defined by x;
= 0in U;and there exxstf,‘(W) eHo VNV, 0F) such that x; = p* £ (W) x, . Since
7* [E] is trivial, we have a covering V;,(A€Z) of n“(V) and a nonvanishing
holomorphic function f; on ¥;; such that * fo =iz S We define u = x;5* f;,.
Then u is a holomorphic function on 7~ *(U) and we have y = u~ ' W ! du A dW
YdX =au du+h(@u,W)dWonn ! (U— E)for some h. It follows that h (u, W)
is independent of u, so we may write 4 (u, W) = h(W).So X = u’ exp ([h (W) dW).
So by definingv = u - exp ([h (W) dW/a), we have X = v*. Since X is singlevalued on
7~ 1(S — E), aisan integer. Since g*v = W"'p visa defining equation of x " (E) in
S, and g*W = W, 0 < |B| < 1, we infer that a is a positive integer. Thus X is
holomorphic at n "' (E) and y = ay = x " 'w "dX AdW. Q.E.D.

(7.10) Now we are in a position to prove that S is isomorphic to a parabolic Inoue
surface S(B,n), n = b,(S).

Proof. We keep the same notations g,(1), & etc. as in §1. Let X, =W "*X,
Y, =WX'= X3, U=8S-n"Y(E)ul U Z~l>,V:=§—n'1(Z)WhereXis

Akk k41
the meromorphic function in (7.9). Then X, and ¥, are singlevalued on U, by (7.9).

Moreover they are holomorphic on U,. Indeed, in view of (7. 9) X, and Y, are
holomorphic on §—n"'(E UZ), Reszw(k)=0 so that X, is nonvanishing
holomorphic at Zk Zi,(+ | qu 1- Hence Y, is holomorphic there. Since X, ., is
nonvanishing at Zis 1 2022, Xy = WX, ;1 and Y, = X}, are holomorphlc
there. Therefore X, and Y, are holomorphic on a neighborhood of p, = Ze Ziits
hence on U, by a theorem of Hartogs. On the other hand X = X, is holomorphic on
V by (7.9). We define a mapping of Sinto & by

fUyc®, fV)c ¥,
=X, Pn=Y, ffw=W, f*x=X
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From the above consideration f is holomorphic. Moreover [~ g = 2,(BY™ o f
whence we have a holomorphic mapping f of S into S (B, n). It is evident that f'is of
maximal rank on a neighborhood of Z. Since f*(x " 'w™ ldx A dw) =, f is of
maximal rank on S — E U Z. Since f'is proper, f is surjective. Since f'is bijective on

Z, degf is equal to one. Consequently f is an isomorphism of S onto

S(B,n). Q.E.D.

This completes the first proof of (7.1).

(7.11) Lemma. Let S be a VI, surface with two cycles A and B of rational curves.
Then n (S) =n,(S—A) ~n,(S— B) =Z.

Proof. By (4.8) there exists a one-parameter smooth proper family n: &— D with
two divisors.e/ and # flat over D such that (&,.&/, #), = (S, 4, B), o, is a smooth
elliptic curve for ¢ # 0, and %, = B for any ¢. Then in view of (7.1) #is a blown-up
parabolic Inoue surface, 4, is a proper transform of a cycle of rational curves. In
view of (1.1) any parabolic Inoue surface minus a cycle of rational curves has a
commutative fundamental group Z?2. Therefore we have a natural homomorphism
of Z* onto n,(%—%,). Therefore n,(S— B) =n,(¥—B,) is abelian. Hence
7, (S—B)=H (S—B,Z) 2H,(S5,Z) = n,(S) =Z by (6.10). Similarly =, (S — A4)
=7, (S)~Z. Q.E.D.

(7.12) Adderndum. Here we shall give another proofof (7.1) by applying [2]. Let S
be a VII, surface with an elliptic curve E and a cycle Z of rational curves. Then by
(2.12) we have Z* = 0. Hence by the main theorem of [2] Sis isomorphic to S, 5. for
some n, f and t where n = —E?, 0 < |B| < 1,t=(ty, ", 1,)€C" (See [2] for the
definition of S, 4 ,.) In view of [2, Prop. 7.11S — Zis an affine C-bundle 4, 5 , over
an elliptic curve E'. The curve E’ is defined as follows. Let S be the universal
covering of S, g a transformation of § which corresponds to a generator of , (S), W
the function on S defined in (7.4). There is a constant f§ such that g*W = W,
0 < |B] <1, by taking g ! instead of g if necessary. Then E’ is a quotient of C* by
the multiplication by f. Let X be a natural compactification of 4, ; ,asa P, bundle
over E'. Let F be a fiber of it, I' the curve ¥ — 4, , (= E"). By [2, Prop.7.1]
I'* = n.Since EZ = 0and S — Zis (viewed as) an open subset of £, Eisa curveon 2.
Since H,(Z,Z) is generated by F and I', we write E= al' + bF. By E*>= —n,
EI'=0,EF 20, wehave a =1, b = —n. This shows that E is a section of the P,
bundle, hence of the bundle 4, ; ,, and E’ isisomorphicto E.Sot, =+ =,= 0,
S is isomorphic to S, ; o . By definition S, ; , is a parabolic Inoue surface S (f, n).
This completes the second proof of (7.1). Q.E.D.

§8. Hyperbolic Inoue surfaces

The purpose of this section is to prove the following

(8.1) Theorem. Let S be a V11, surface with two cycles of rational curves. Then S is
isomorphic to a hyperbolic Inoue surface S™.

(8.2) Let S be a VII, surface with two cycles 4 and B of rational curves. Then in
view of (5.4) and (2.15) n, (S) =~ H,(S,Z) ~ H,(A4,Z) ¥ H,(B,Z). Let n: S — S be
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the universal covering of S. Then ™! (4) and n~ ! (B) consist of infinite chains C

and D of nonsingular rational curves with C,C,,,=D,D,., =1, C,C,=D,D;

=0 (A-v,u—06=+0,+1) where C=) C,, D=3 D,. Let n,= —C}, m,= —D}.
AeZ veZ

Let g be a covering transformation of n which generates H,(S,Z). We may

assume that g(C)=C,_,, g(D,)=D,_,. Let 4, .q4,= 7(C,), B,p0as=7(D,),
A=n(C), B=n(D). Then we have A% = —n,(r>1), Ai=—ny+2(r=1),
B2 = —m,(s>1)and B3 = —my+ 2(s=1). In view of (3.11) and (6.1) we have
n(S) = 2. Let F, and F, be flat line bundles in N(S), v, be a nonzero section of
HO(S, Q% (log(A4 + B))(F))) (A=1,2). Then by the definition of 7: § — S, the pull
backs n* F, and n* F, are trivial on S. By fixing their trivializations, 7* w, and 7* w,
are naturally viewed as global sections of Q} (logn*(4 + B)) which we denote by
®; and @&, respectively. By the isomorphism H!(S,C*) ~Hom (H, (S, Z),C*),
there corresponds a character y of H,(S, Z) to the line bundle F,. Then !
corresponds to F, by (3.8). Let o =yx(g). Then we have g*®d, =o0d,,
ZFd,=0"10,.

(8.3) Lemma. Let U be a disc U:={(x,x,); [x,| <&}, D, a divisor defined by
x,= 0. Let w, and w, be d-closed meromorphic 1 forms with logarithmic poles along
D+ D, with oy A @, *+ 0. Assume moreover that the residues R,, = Resp, o, are
constants. Let R= (R,,), and let (0, A w,) be the divisor defined by w, A w,. If
(0, Awy) = =D, —D,, thendet R & 0 and we have a system y,, v, of parameters

on U such that ) .
@, =R, y;'dy; + Ry, dy,, D,:y,=0.

Proof. By assumption we write w, = F,, x; 'dx, + F,,x; ' dx, for F,, holomor-
phicso thatw, A w, = det(F,,) x; ' x; ' dx, A dx,. This shows det(F,,) + 0 hence
det R # 0. Letting

CO:, = vaxl_ldxl + Rv2x2_1dx29

we have d-closed holomorphic 1-forms o, — w, which we can write
w, — ) = dg,
for holomorphic functions g,. Letting (R*) be the inverse matrix of R, y,
= x,exp(R" g, + R*%g,), we have
o,=R, y;'dy, + R,,y5'dy, and D,:y,=0. Q.E.D.

(8.4) Lemma. There exists a system x, and y, of parameters on an open
neighborhood U, of C,_, uC,— C,,,— C, ., such that

Ciox,=0, C,_1:y,=0,
Oy =a,y; dy, +byx Ny, &y =cyytdy, 4+ dyx; dx,
where a,, b,, ¢, and d, are constants with a;d, — b,c, + 0.

Proof. Since @, and w, are meromorphic 1-forms on S with logarithmic poles, so
are @, and &, on S. Hence Res¢, @, and Res, @, are global sections of O, so that
they are constants. By (2.8), we have (&; A @,) = n*(w; Aw,) = —7*(4+ B)
= —C~—D. Since C? <0, we have a Stein neighborhood U of C,— C,_, with
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parameters x and y such that C;nU:x =0, C,_,nU:y =0. By (8.3) we have a
system x, and y, of parameters on U such that

C,nU:x,; =0, C,.,nU:y,=0,
Oy =a,y; 'dy, + bzxi_ldxm @y = c;y; 'dy, + d;x; ldx;, .

Since C7_; < 0, there exists a Stein open neighborhood V of C,_, — C,_, with
parameters v’ and v" such that C,nV:u' =0, C,_ n¥V: v = 0. By the same proof
we can construct a system u and v of parameters on V" such that

CinViu=0, C,_ nV:iv=0,
oy =av 'do+bu"tdu, &,=cv 'dv+dutdu.

Consequently x, and y, are constant multiples of u and v respectively so that they
are holomorphic on V. Letting U, = U UV, we have our lemma. Q.E.D.

(8.5) Lemma. There exists a system z, and w, of parameters on a neighborhood V,
of D,uD, ,— D, ., — D,_, such that

D,iz,=0, D,_,:w,=0,
Gy =a¥w tdw, + b¥z;  dz,, @&,=c*w;tdw,+d¥*z;1dz,.
The proof is the same as in (8.4).
(8.6) Lemma. By modifying by constant multiples, we have
X1 =Vt Va1 = X300
Zv+l=w;17 Wv+1=szrvnv'
Moreover a;d, — b,c, = aydy — byca £ 0, ald} —bfcf=atdf —blict +0 for
any A and v.
Proof. 1t suffices to prove the assertion about x, and y;. By (8.4)
Dy =a,y; ' dy, + by x; dx, = a; Yt Ay F by xhdxg
By =, ¥; 'y, + dix;tdx, = iy it i + dyy X7 dx
We have Resq &, = a;,, = b,;, Res¢, &, = ¢, ., = d;. Therefore
(ayd, —byc,) y; tdy, = — (@3+1d341—b111€341) Xpddx g

Consequently by modifying by constant multiples, we infer

— 1@ . b
Xav1=Yis Yar1 = Xu)i

for some constants ¢ and b. Since U, N U,,, constains a neighborhood of C,
- C,_yuC,,,, we can continue y, analytically along a path going once around
C, -1 - By thisanalytic continuation of y,, we have the same relations among x; , ,,
x;41and y, ., . Thereforea = t+ 1 and bisaninteger. Ifa = 1, thendx, ., = dy, isa
nontrivial holomorphic 1-form on C, which contradicts that C, is a rational curve.
Consequently @ = —1. Itiseasy to see thatb = — C7 = n,. Froma = —1 it follows
that a,d, —b,c,=a;, 1d; 1 — b, 10,4: £0. Q.E.D.
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8.7) Let p=ayd,— bycy, p* = agdf — bfck. Then by (8.6) we have

87.1) yitdy,=p N d,d—b,d,), x;ldx,=p ' (—c;@; +a,d,),
ST wytdw, = pr (ARG, —bED,), 2y tdz, = p* (= kO +ak ).

So we define

=1 [ (dyd, — b@z)),

X, = ( *f(—clcaﬁa@z)),
(8.7.2) ( ¢

P
P*_1 j(dtdh ——bfcﬁz)),
P
Z,=Z,(P)=exp|p* " [(—cta, +a:"(f)z)>

where o is the base point, 0 and PeS— C—D.
It is clear from definition that
8.7.3) &y =a, Y, 'dY, + b, X; 'dX, = a*W, YW, + b*Z 1 dZ,,
Gy =, Y, dY, + d, X7 dX, = c*W, YW, + d*Z 1dZ,.

(8.8) Lemma. X,, Y,, Z, and W, are single-valued meromorphic functions on §

related by,
Xz+1=YA_1: Y, (=X, 105,

Zy =W, Wosr=2Z,W,

W, = Y¢XE, Zy=Y§X}
where e, f, g and h are integers with eh — fg = + 1
Proof. By (7.11), we have (S — B) =, (S) = H,(S,Z). Hence §— D is simply
connected. Since o '(d,®,—b;d,) and ¢ '(—c,®, +a,d,) have integral
residues along C by (8.6), X; and Y, are therefore single-valued holomorphic on
§-c-b, meromorphic on S—D. Similarly Z, and W, are single-valued and
meromorphic on §— C. Comparing two expressions of @&, and @&, in terms of
X;, Yy, Z4 and W, and modifying X, and ¥, by constant multiples, we have

Wo=YeX,, Z,=YiXh

where e, f, g and / are integers. It is also possible to express X, and Y in terms of Z,,
and W, so thateh— fg=+1. Q.E.D.

(8.9) Let )
Nl bl fnm_ 1| [n 1][ne 1
Tle dfT]l-1 0 -10f| =10}
- " .
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It is easy to check by using (2.12) that Tr N > 2, Tr N* > 2. From g(C,) = C, _,,
g(Dv) = Dv—~s lt fOHOWS that g*XA = Xl+r’ g* Y). = Yl+ra g*Zv =AZv+sAand g*VVv
= W, ., up to constant multiples. Therefore there exist constants 4 and B such that

g*Y,= AY, = AY{XY, g*X,= BX, = BY:Xx?.
Since Tr N > 2, we can choose constants 4, and B, satisfying
A 'By=A, A9BI'=B.
Then by replacing ¥, and X, by 4, Y, and B,X,, we have
Yo =Y5Xo, g*Xo=Y5X;.
Defining X, Y;, Z, and W, by the relations in (8.8) again we obtain the following

(8.10) Lemma. There exist single-valued meromorphic functionson § X,, Y,, Z,
and W, such that the relations (8.7.3) and (8.8) hold and

g*Y, = Y5 X5, g Xo= Y5 X3
GWo =W 78, g*Z, =W Za*.
(8.11) Leta(>1)and o' (= the conjugate of a over Q) be the eigenvalues of N.

Since BN = N*B, they are also eigenvalues of N*. Let (w,1) and (0*,1) be
eigenvectors of N and N* such that

(0,1)N=0a(w,1), (0*,DHN*=oa(w*1).

Therefore (w*, 1) BN = (w*,1) N* B = a(w*, 1) B, that is, (w*, 1) B is an eigenvec-
tor of N so that there exists § such that

(0*,1) B = f(w,1).

Equivalently ew* + g = o, fo*+ h=f.

This implies that

®11.0) Q1= *Wy YdWy + Z5 dZy = B(w Yy tdYy + Xy ' dX,),
T b= (0N Wy AW, + Z5 N dZy = B (' Yy L dY, + Xy tdX,)

are eigenvectors of g*. The transformation g induces a linear transformation g* of
V =CY, 'dY, + CX; 'dX,. Then &, and &, are eigenvectors of g* so that they are
constant multiples of ¢, and ¢,. We may assume that

QL=0y, @Qy=@0,, oao=0, a'=¢
(See (8.2) for the definition of 5.)
(8.12) Lemma. BB’ <0, detB = —1.
Proof. Denoting t = Tr N = Tr N*, we have
a=(@+ 1Y =4)2, ow=cl—a)!, o*=c*a—a*)"!,
© -0 =b1YFF, oo =b T4,

It is easy to check that b, b* > 0. Hence w —w’ > 0, @* — w*’ > 0. By (8.11) det
B = (w*—-0*) {w-—w) BB’ Soif we prove B’ < 0, then det B = —1 by (8.8).



434 1. Nakamura

Let

p=pP)=1Y0X,l, q=4qP)=]Y""X,l,

r=r(P) = |W*Z,|, s=s(P)=|We*Z,|.
By 8.11) pP=r, ¢" =5, 8g*p=p* g*q=¢", g*r=1r% g*s=s". Then p and ¢
(resp. r and s) are continuous on S — D (resp. S — C) (cf. [6, p. 96,97]). We shall

derive a contradiction by assuming B’ > 0. First we assume that § > 0, ' > 0.

Then we have
pPy<1 iff r(P)<1,

gP)<1 iff sP)y<1.

Clearly p(P) <1 iff g*p(P)=p(g(P)) <1, etc. We define g invariant closed
subsets S, (k=1,2,3,4) of S by

S, ={PeS;p(P)21,q(P)21} u{PeS;r(P) 21, 5(P) 21},

= {PeS;p(P)21,qP)S 1} U{PeS;r(P)21, s(P) <1},

Sy={PeS;p(P)<1,qP)21} u{PeS;r(P) <1, s(P)2 1},

Si={PeS;p(P)<1,qP)s1}u{PeS;r(P)<1,5(P)S 1}
Since they are g-invariant, their images S, = 7 (S,) are closed subsets of S. It is clear
that S, contains 4 + B, hence S7 is not empty. We shall show that SP is empty
(k=1,2,3) where S? denotes the interior of S,.

Let
X +iY = (wlogY, + log X,,)/2ni,

U+ iV =(wlogY,+ log X))Oni
where X, Y, U and V are real. It follows that
= (wlog Y, Y5 ! + log X X5 Y)/4ni,
Y = —(wlog Y, Y, + log X, X,)/4x,
= (0'log Yo ¥y ! + log X, X V)/4ni,
V=—(0'logY, ¥, + log X, X,)/4n.
Y and V are single-valued on §— C—D. Define Q = —YdX A dU A dV. Then
g*Q = Q so that it defines a C*® 3-form on S — 4 — B. The form Q is continuous

(well-defined) on a neighborhood of S, (k=1,2,3). If §? is not empty, then we
have by Stokes’ theorem

0<fde=f= [ Q=0.
5 5, {F=0} u{¥=0}

In fact, dQisa volume formonS — 4 — Band Q y_,= Q= 0. Thus S is empty,
S =73,. Therefore p(P)<1, q(P) £1. Since p and ¢ satisfy the maximum
principle, we infer that on §

p(Py<1, q(P)<1.

Hence 0 <Y <o, 0V <o, Letting Q' = —Y "dX AdUAdV™?, we
haveg*Q' = Q' and dQ’ = dX A dY "' A dU A dV ™! is a volume form on S. Again
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by Stokes’ theorem,
0<fd2'=[Q' =0

s as
which is a contradiction.

Next we consider the case where § < 0, ' < 0. We define
Si={peSipP)21,qP)2 1} U{PeS;r(P)S1,5(P) <1},
={peSip(P)21,qP)S1} U{PeS; r(P)<1,5(P) 21},
={PeS;p(P)<1,qP)21} U{PeS; r(P)21,5(P) <1},
Sa={PeS;p(P)S1,q(P) 1} U{PeS;r(P) 21, 5(P) 21},
Se =n(Sy), S? = the interior of S,.
We define X, Y, U, V and Q in the same way as before. Then the form Q is
continuous (well- deﬁned) on a neighborhood of S, and S, so by the same argument
as before we infer that S and S? are empty. Clearly S, and S, contain B and 4
respectively. Their boundaries 8S, and S, are the same closed subset
n(p” )N q_*(1)), therefore of at most dimension 2. Hence 5, = 45, = ¢, that

is, §; and S, determine topological 4 cycles with §,nS,;=¢. This is a
contradiction. Thus we have 8’ <0, detB= —1. Q.E.D.

(8.13) Lemma.

(8131) w = [[nO’nla ‘..Dnr—1]]7 w* = [[mo’ my,

’ ms—l]]'

(8.13.2) Let w™'=[lep, *, e_y, my, -, ml_,1] be the modified continued
Jraction expansion of w™'. Then (we may assume) s = s, m, = m, ., for some I,

Proof. By (8.11), w = c(x—a)~ " and satisfies the equation
bo*+(d-a)w—c=0.
Since @ > ', w is the larger root of it. Letting x = [[ng, -, A, _ 1 11, then we infer

that x > x' (= the conjugate of x), bx> + (d — @) x — ¢ = 0. Hence w = x. Similarly we

have w* = [[mq, --*, m;_]]. By (8.11) and (8.12) we have Z + Zo* = B(Z + Zw)
and BB’ < 0. Notice that s may not be the smallest period. If s’ is the smallest
period of the expansion of ™!, then 5’ divides 5. So we may take s instead of s’ in
(8.13.2). The second assertion follows from [5] Proposition 1.1. (iii). Q.E.D.

(8.14) If f <0 and B’ > 0, then we define
F*=(@*)7", d=()" =" 'wp),
s, =X_,, =Y, u==Z v,=W_,,
Wy = 8*ug tdug + vy P dvg = n(dsy tdsy + t5 L dty),
Wy = (0% ug  duy + vy Ldvg = 5’ (6" sg L dsy + tg 1 dty).

-y

We define C; = C_,, D =D_, and an automorphlsm I'd ofS by g' = g“‘. Then
we have g'(C))=C;_,, g (D Y=D,_,, g*y =0y, g*y,=a 'y,. Since
1 >0, 4’ < 0, this is reduced to the case where § > 0, 8’ < 0. So we may assume
that § > 0, B’ < 0. By (8.13.2) we may assume that m, = m, for any v by replacing
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D, by D,_,. Let U" (w) be the group of totally positive units keeping Z + Zw
invariant. Let o, be the generator of U™ (w) with aq>1, and Bo= (1, n,)/o.
(See [5] p. 93.) Define the integral matrix B, by

(0*,1) By = fo(,1).

By [5] p.93, Bo>0, By <0, detB,=—1. By (8.11) and our assumption
BB, e U™ (w). Consequently B = B,al for some /. Let r, and s, be the smallest
period of modified continued fraction expansion of w and w* respectively. By
replacing D, by D, _,,,, we may assume that § = f§,. Since « belongs to U™ (») by
(8.11), we have a = af, r = nry, s = ns, for some n.

(8.15) Now weare in a position to prove (8.1) Theorem. With the notations in §1,
we define a mapping f of S into # by

(X35 Va5 2y, W) = (X, Y, Z,, W).
Evidently fo g =gho f. Let
S, ={PeS;p(P)21,q(P)21} U{PeS;r(P)21,5(P)< 1},
S;={PeS:p(P)21,q(P) 1} U{PeS;r(P)21,5(P) 21},
Sy={PeS;p(P)<1,q(P) 21} U{PeS;r(P)<1,5(P)S 1},
Sa={PeS;p(P)S1,q(P)S 1} U{PeS;r(P)S1,5(P) 21},
S, =7(S,), SP = the interior of S.

Deﬁne X, Y, U, Vand Qasin (8.12). By the same argument as before we infer that
S? = 82 = ¢. Clearly S3 and S, contain B and A4 respectively. Therefore p(P) <1
and p 1s continuous on S by continuating by p=r'on §'— C. By the maximum
principle we have p(P) < 1. Consequently f is a holomorphic mapping of S
into @ with fog = gho f. Therefore f induces a holomorphic mapping f of S
into S, Since f is everywhere of maximal rank and proper, f is surjective. Since
x(S)=r+s=n(rq+s5,) = 2(S™) by (6.1)and (8.14), fis of degree one, that is, an
isomorphism of S onto S™. Q.E.D.

§9. Half Inoue surfaces

(9.1) Theorem. Let S be a V11, surface with a cycle C of rational curves. Suppose
that C? < 0, and there exists a nontrivial flat line bundle L on S with L trivial. Then S
is isomorphic to a half Inoue surface SI2"*1,

Proof. We keep the notations in §8. By (2.13.1) L is contained in Ker (H' (S, C*)
— H(C,C*)) @ Ker (H!(S,C*) - H'(C, 0%)) and therefore it is of order two. Let
S* = Specan (Os@ L), f:S*— S be the natural projection. Then f~1(C) is a
disjoint union of two copies of C. By (8.1) S* is a hyperbolic Inoue surface, b, (S*)
= f(irreducible components of f~!(C)). Hence b,(S) = # (irreducible com-
ponents of C). By (3.12) we have flat line bundles F and L such that L is trivial,
N(S) = {F, — F+ L}. Since Ker (H* (S, C*) - H'(C, C*)) is isomorphic to Z/2Z,
wehave L = L. Let o be a covering transformation of f, 2 the universal covering of
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S*, 1 a lifting of ¢ to 2. Let ¢, and ¢, be nontrivial elements of
HY(S, Q} (log C)(F)) and H°(S, Q% (log C) (— F+ L)) respectively, o, = f*g,, &,
the pull-back of w, to 2. Then @, A ¢, is contained in H°(S, QZ(L)) so that
0¥ (W Awy) = —w; Aw,. Since o* f* F*= f*F, we have 6*w, = 6,0,, c*w,
= 6, w, for some constants J, and 4, . Since an infinite chain of rational curves on
9 is transformed onto another by 7, we may assume 1 (V) = W, (see §1). Moreover
the coordinates x,, vo, zo and wg are uniquely (up to constant multiples)
determined by the expressions of the form (8.11.1) in view of (8.3). We have
therefore either 1) t*wy = ¢, ¥y, T 29 = ¢ % OF 2) T wy = ¢, Xxq, 7%z = ¢, ¥o- In
the case 2),
@y A Dy = (0*—0*)Ywg L zg dwy A dzg
= —(0— ") y5 ' xg " dyo A dx,,

™D ADy) = — (w*— w*) yo Lxg Vdyg A dxg.

Since w* > w*', w > w’, wehave 6*(w, A w,) = w,; A @,, whichisa contradiction.
So the case 1) occurs. In view of (8.11.1) *®, = w*y, 1dy, + xo ' dx,
=3, f(wyq ' dyy + x5 ' dx,), hence we have = w*, §, f = 1. Similarly 6, ' = 1,
therefore 6, = 8} . By (8.8) wo = y§xd, zo = y§ xt. Therefore t*yy = yo " x{, t*x,
= y§ x4 ¢ by modifying x, and y, by constant multiples. Hence we have (w,1) B
= f(w,1). Since B’ = 6,8, = — 1, B is an element of U(w) — U™ (w). There exists
an integer m such that = 2™ ** for a generator , of U(w) and 7 = 2™ " (see
(1.6)). On the other hand n, (S*) is generated by g, a transformation of 2. The
transformation g is a multiple of g, say, g = gh = 12! for some /. Thus the surface S
isa quotient of 2 by a group G generated by 3'and 12" **. However 2 is contained
in {1§"; k€ Z} which shows that / divides 2m + 1. Let 2m + 1 = k. Then both /
and k are odd integers so that G is generated by 7 (= 13"*1), S is isomorphic to
S2n+1l _ g @n+ Ok frez)  Q.E.D.

(9.2) Theorem. Let S be a VI, surface with a cycle C of rational curves with
C? < 0. Suppose that S satisfies one of the following conditions.

(9.2.1) There exists a flat line bundle L such that K¢+ C = L.
(9.2.2) b, = # (irreducible components of C).

(9.23) C*< —b,.

9.24) [H((S,2): i H(CD]+1.

Then S is isomorphic to a half Inoue surface.

Proof. Assume (9.2.1). Then L is a nontrivial flat line bundle with L. trivial.
Indeed, L. = (Kg+ C)¢ = O, and if L is trivial, then h' (C, ) = 2 follows from
the proof of (2.2.1) and (2.6), which is a contradiction. So L is nontrivial. Hence
S is a half Inoue surface by (9.1). Assume (9.2.2). Then irreducible components
C, of C form a Q-basis of H*(S, Q). Since (K5 + C) C, = 0 for any irreducible com-
ponent C; of C, the line bundle K+ C is flat, namely, we have (9.2.1). Hence
S is a half Inoue surface. Assume (9.2.3). Compute (Ks+ C)>. We have
02 (Ks+ C)? =(Ks+ C)Kg= —b,— C2. Hence C?> 2 —b,. By the assumption
C?= —b,, and Kg+ Cis flat by (2.5). Hence S is a half Inoue surface. Assume
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(9.2.4). From (2.13.1) it follows that there exists a nontrivial flat line bundle L with
L trivial. Hence S is a half Inoue surface by (9.1). Q.E.D.

(9.3) Theorem. Let S be a VII, surface with a cycle C of rational curves. Then
C? = —b,. Equality holds if and only if S is isomorphic to a half Inoue surface.

This follows from the proof of (9.2).
Notice that C* < 0 and equality holds if and only if S is an “exceptional”
compactification of an affine bundle over an elliptic curve (see [2]).

§10. Surfaces with elliptic curves

(10.1) Theorem. Let S be a V11, surface with no meromorphic functions except
constants. Suppose that S has an elliptic curve but no cycles of rational curves. Then S
is isomorphic to a Hopf surface.

Proof. Assume first that S has two elliptic curves. Then by (5.2) S'is isomorphic to a
Hopf surface. Next consider the case where there exists only one elliptic curve E on
S. Let Fbe an element of infinite order in Ker (H! (S, C*) - H! (E, 0¥)). We may
assume H®(S, F) = 0 by taking — F instead of F if H°(S, F) + 0. Consider the
exact sequence,
0 HO(S, F— [E]) > H° (S, F) - H®(E, 0p)

- H'(S,F—[E) > H' (S, F) > H' (E,0p)

— H2(S, F— [E]) » H* (S, F) » 0.
It follows H® (S, F—[E]) = 0, (S, F—[E]) = 0. Therefore we have

K (Ks+{El- F)=h*(S,F—[E])= h' (S, F— [E]) 2 I°(E,0) = 1.

Hence there exists an effective divisor C = Y #,C;(C; # E) and an integer r(r = 0)
such that
K+ [E]l - F=[C+rE].

Since K;C; 20, C? <0, (Ks+ E)E =0, EC =0, we have
(C+rE) =(Ks+E—F)(C+rE)=(Ks+ E)C = 0.

Butsince L* < 0 for any line bundle L on S, we have (C + rE)? = 0, so that [C + rE]
is flat in view of (2.5). If r > 0, then [E]is flat by (2.10) so that [C] is flat. Therefore
if C =+ 0, then C_, is either a smooth elliptic curve or a cycle of rational curves,
which contradicts our assumptions. Hence C =0, K+ [E] — F=[rE]. This
shows ¢? = 0. If r = 0, then Citself is flat. If C % 0, then we have a contradiction
again by the same argument. Hence K + [E] — F = 0. We shall show E2 =0.
Assume the contrary. Then, by (2.10) wehave H°(S, F’) = 0 for any flat line bundle
F’ on S. Consider the exact sequence;

0 H(S, —Ks—2[E]) » H (S, = K5 — [E]) > H(E, %)
- H' (S, — Ks— 2[E]) > H' (S, — K5 — [E]) - H' (E,0p)
- H*(S, —Ks— 2[E)) > H*(S, — K5 — [E]) > 0.



On Surfaces of Class V11, with Curves 439

Since H®(S,2F) = H°(S, — F) =0, we have H°(S, —Ks— [E]) = 0, hence H®
(S, —Kg—2[E]) = H*(S, — K5 — 2[E]) = 0. Since 1(S, — K5 — 2[E]) = 1(S, — K
—[ED) = (E,0;) = %(S, F) — 7(E,0g) = 0, we have H'(S, —Ky—2[E])=0.
However h° (E, 0z) = 1 which is absurd. Therefore E? = 0 so that ¢? = K2 = ([E]
— F)? = 0. Thus in any case we have b, = ¢ = 0. Hence by [12, II, Theorem 34], S
is isomorphic to a Hopf surface. Q.E.D.

(10.2) Theorem. Any VII, surface with an elliptic curve is isomorphic to one of V11,
elliptic surfaces, Hopf surfaces and parabolic Inoue surfaces.

Proof. Assume that S has no meromorphic functions except constants. If there is no
cycle of rational curves on S, then S is isomorphic to a Hopf surface by (10.1). If

there is a cycle of rational curves, then S is isomorphic to a parabolic Inoue surface
by (7.1). Q.E.D.

(10.3) Table (of surfaces of class VII; with curves)

Curves Surfaces
1) (more than) 3 elliptic curves elliptic VII, surfaces
2) two elliptic curves Hopf surfaces
3) an elliptic curve and no cycles Hopf surfaces
4) an elliptic curve and a cycle parabolic Inoue surfaces
5) two cycles hyperbolic Inoue surfaces
6) a cycle C with C? =0 and no exceptional compactifications
elliptic curves with no elliptic curves
7) a cycle C with C? <0
7.1) b,(S) = b,(C) half Inoue surfaces
7.2) b,(S) > b,(C) (examples exist)
8) no elliptic curves, no cycles ?

The above table is made by combining the results of this article and [2, 12]. See
(5.2), (7.1), (8.1), (9.2), (10.1). 1) and 2) are due to Kodaira [12] and Kato
respectively. 4) is due to Enoki [2] and the author independently. 6) is due to [2]. 2),
3),4), 5)and 7.1) are proved in this article. See [19] for the definition of exceptional
compactifications.

It is still unknown whether any VII, surface with curves has a cycle or an elliptic
curve,

§11. Surfaces with b, = 1

(11.1) Lemma. Let S be a VI1, surface with b, = 1. Suppose that S has a curve C.
Then C is an elliptic curve or a rational curve with a node.

Proof. Suppose not. Hence C is a nonsingular rational curve in view of (2.2). Since
c? = —b, = —1,KgisaQ-basis of H (S, Q). So we write C = mKj. It follows that
m=1or —2.If m=1, then Cis an exceptional curve of the first kind which
contradicts the assumption. So m = — 2. There exists a flat line bundle F such that
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C= —2Kg + F. Since H' (S, C*) ~ C* 4 (torsions), we have flat line bundles G
-1

and F'such that F=2G + F', F'isof order /. Let S’" := Specan(@ F”‘>,f:S’ -5
k=0

be the canonical projection. Then f* C = —2K. + 2f*G because f* F' = 0. The
curve f* Cis a disjoint union of / copies of C because F¢is trivial. Let S* = {(x,{) e
—Kg +f*G: g(x)={>} where g(*0)eH(S", ~2K; +2f*G), (g) =f*C.
Then S* is a VII; surface with b,(S*)=0. In fact b,(S*) = x(S*) = 2x(S")
—x(f*C)y=12%(S)— 2(C)) = 0. However the inverse image of f*C has
negative selfintersection number, which contradicts b,(S*) =0. Q.E.D.

(11.2) Theorem. Any V11, surface with b, = 1 and at least one curve is isomorphic
to one of the following;
half Inoue surface S, w = (3+ 1/5)/2.
compactifications of affine bundles of degree one over nonsingular elliptic curves
by rational curves with nodes.

Proof. Let S be a VII, surface with b, = 1, and at least one curve. If S contains an
elliptic curve and no rational curves, then Sis a Hopf surface in view of (10.1) which
contradicts b, = 1. Hence .S must contain a rational curve C. Then it must be a
rational curve with a node in view of (11.1). If C* = 0, then S is a compactification
of an affine bundle of degree one over an elliptic curve by C by [2, Main Theorem].
If C? <0, then S is isomorphic to a half Inoue surface S™ for certain w and ».
Since C? = ¢} = —b, = —1 in view of (9.3), the continued fraction expansion

associated to C is [[3]], hence n = 1, w = 3+ 1/5)/2. Q.E.D.

§12. Surfaces with antipluricanonical divisors

(12.1) Lemma. Let S be a V11, surface with b, > 0. Then plurigenera P, = 0.

Proof. Suppose not. Then there exists an effective divisor D and a positive integer
m such that D = mKg. For any irreducible curve E we have KgE = 0. Hence
D?*=mKgD=0.By (21.2) D*=0, ¢} =K2= —b,=0. Q.E.D.

(12.2) Lemma. Let S be a V11, surface with an elliptic curve. (S may have
nonconstant meromorphic functions.) Suppose that P, = 0 for any positive integer m,
any unramified Galois covering S' of S is cyclic and H,(S',Z) =Z. Then S is a
primary Hopf surface or a parabolic Inoue surface.

Proof. 1 S has no meromorphic functions except constants, then S is a primary
Hopf surface or a parabolic Inoue surface by (7.1) and (5.2). If S has nonconstant
meromorphic functions then Sis an elliptic VI, surface, hence in particular it has
two elliptic curves. Therefore S is a primary Hopf surface by (5.3). Q.E.D.

(12.3) Theorem. Let S be a VI surface with a cycle C of rational curves. Suppose
H2(S, ©g(—1log C)) = 0 and that there exists an irreducible divisor E with EC > 0.
Then there exists a smooth proper family n: - D over the unit disc with a divisor €
flat over D such that %, = S, €, = C, ¥(t + 0)isa blown-up primary Hopf surface or
a blown-up parabolic Inoue surface, €,(t + 0) is a nonsingular elliptic curve.
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Proof. Consider the exact sequence (cf. (4.2).)
0-05(—logC)—O5— J. -0,
We have an exact sequence,
- H'(S,05(—log C)) - H'(S,05) > H' (C, J;)
- H*(S,04(—~log C)) » H*(S,04) - 0.

By the assumption we have H? (S, @) = 0and H' (S, @5) — H' (C, J.)is surjective.
This implies that the canonical restriction homomorphism H' (S, @5) - H' (U, @)
for a strictly pseudoconvex open neighborhood U of C is surjective by (4.3). This
implies that there exists a smooth proper family n: & — D over the unit disc with a
n-flat divisor ¢ such that % = S, €, = C, %, (¢ + 0) is a nonsingular elliptic curve.
Since £, (S) = 0 for any positive integer m by (12.1), we have P, () = 0 for any ¢.
Since there exists an irreducible divisor E such that EC > 0, we have H (S, Z)
=i, (H,(C,Z)) and H,(S',Z)=(i"),H,(C',Z) for any unramified Galois
covering n: S’ — Sand C’' = n~ ' (C) in view of (2.14). Since the covering group of
¢ coincides with that of , # must be cyclic. Since %is diffeomorphic to S, all the
assumptions of (12.2) except minimality are satisfied so that s either a blown-up
primary Hopf surface or a blown-up parabolic Inoue surface. Q.E.D.

(12.4) Lemma. Let S be a VI, surface with b, > 0. Suppose there is a divisor D
such that mKs + D = 0 for a certain positive integer m. Then D, contains a cycle C of
rational curves and H*(S, O@5(—log C)) = 0.

Proof. It is easy to see that D is an effective divisor. First we assume m = 1. Then
h'(D,0,) = 2 by (2.6) and D, contains an elliptic curve or a cycle of rational
curves in view of (2.7). If S has no cycles of rational curves, then S is an elliptic
surface or a Hopf surface, so b, = 0 which contradicts the assumption. Hence S has
a cycle C of rational curves. If S has an elliptic curve E, then S is a parabolic Inoue
surface and Ky = — C — E, hence D = C+ E contains C. If S has two cycles 4 and
B of rational curves then S is a hyperbolic Inoue surface and Kg = —A4 — B, Cis
either 4 or B. Therefore in this case D = A + B contains C too. If S has only one
cycle of rational curves, then D contains C because h' (D4, 05 )21 and D,
cannot be a tree by (2.3). Moreover by the Serre duality, in these cases we have
12 (S, @5 (—log O)) = h°(S, Qi(log C) ® QF) < h°(S, Q4(C—D)) £ K°(S, Q4) =0,
hence H*(S, ©4(—log C))=0. Assume next m=2. Then we consider an analytic
subvariety S’ of the anticanonical line bundle — K defined by S’ = {(x,{) e — Kj;
{™ = f(x)} where fis a defining equation of D. Then there is a meromorphic 2-form
dx/{ on — K. Let S* be the minimal resolution of $', =; S* — S the canonical pro-
jection of S* onto S. Then n*(dx/{) is a nontrivial meromorphic 2-form on S* so
that there exists an effective divisor D* of S* such that n (D*) = D, K« + D* = 0.
We shall show S* is of class VII. Since b, > 0, S has no meromorphic functions
except constants, hence nor has S*. Therefore by the classification table S* is a
blown-up K3 surface or a blown-up complex torus or a blown-up surface of class
VIL. However in the first two cases K« is always effective, hence D* =0, D =0
which is a contradiction. Hence S* is of class VII. In view of the assertion in the
case where m = 1, D* contains a cycle C* of rational curves and n(C*) is therefore
a cycle of rational curves, hence D contains a cycle of rational curves. Indeed, if
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C =7 (C*)is not a cycle of rational curves, then C is a tree of rational curves, the
support of C is simply connected. Let S, be a double covering of S, C,, D, the
inverseimages of C, D. Then mK; + D, = 0. By the same construction as above we
have an m-fold covering S} of S,, and the minimal resolution S¥ of Si, an
effective divisor Df of S} with Kgx + Df =0. By contruction, C;, D,, Df
consist of two copies of C, D, D* so At (DY, 0py) 2 4 which is a contradiction of
(2.2.1). Moreover H*(S, @4(—log C))=0. Because 1+ H° (S, Qi (log O)® Q32) is
contained in H®(S*, Qi (logn* C) ® Q3.), and A°(S*, QL (logn* C) ® Q%) = h°
(S*, Q5 (log (n* C) o) @ Q) Zh°(S*, Q4) =0, hence HO(S, QL (log O) ® Q2)=0.
So H*(S,05(—logC))=0. Q.E.D.

(12.5) Theorem. Let S be a VII, surface with b, > 0. Suppose S has an
antipluricanonical divisor D, that is, mKg + D = 0 for a certain positive integer m.
Then there exists a proper flat family n: ¥ — D over the unit disc D with a n-flat
divisor € such that

(12.5.1) % =S, (1t + 0) is a blown-up primary Hopf surface,
(12.5.2) %, is a cycle of rational curves, €,(t + 0) is a nonsingular elliptic curve.

Proof. If S has two cycles of rational curves, then the assertions follow from (5.4),

(5.10). So we may assume that S has only one cycle of rational curves. By (12.4) S
has a unique cycle contained in D, ;. If moreover there is an irreducible curve E with
EC > 0, then a desired family of deformations exists by (12.3), (12.4), (5.11) and the
openness of versality of deformations. So we consider the case where there is no
irreducible curve E with EC > 0. Suppose moreover C* = 0. Since there is an m-
fold ramified covering S* of S with Ko + D* = 0. Let D = C’ + D’ for effective
divisors C' (cC)and D’ with D’ A C = ¢. Then (C)? = (- mKg— D) C' = mCC’

= 0 because [C] is flat and {Ks + C]e = 0. Hence C’ = kC for some k by (2.10)
and (2.12). It is easy to see that [C]c is of infinite order. (See (7.4).) Since [ — mC
+ C'le = [mKs+ C')e = [D']c = O, we have m = k. Hence by the construction
of S* in (12.4), D* contains a cycle C* with (C*)? = 0. Therefore S* has an elliptic
curve E* such that D* = C* + E*, so §* is a blown-up parabolic Inoue surface by
(7.1). Then the image of E* in S is an elliptic curve by a similar proof to (12.4).
Hence S itself is a parabolic Inoue surface, hence m = 1, S* = § and a desired
family of deformations of S exists by (5.11). Finally we suppose C? < 0 and there is
no irreducible curve E with EC > 0. If moreover H, (S,Z) * i, H, (C,Z) for the
inclusion i of Cinto S, then S'is a half Inoue surface by (9.2), hence 2K +2C =0,
7, (S) = Z. Therefore any unramified Galois covering f;S* —» S is cyclic and
H,(S* Z) ~Z. Although one of the assumptions in (12.3) is not satisfied, the
proof there is applied. Hence a desired family of deformations of § exists. If
H,(S,Z) =i _H,(C,Z), then for any unramified covering f;S* — S, we have
H, (S*,Z) =i H,(f*C,Z) =Z and S* is a VII, surface with mK; + D* = 0.
Therefore the proof of (12.3) is applied to show that a desired family of defor-
mations of S exists. Q.E.D.

(12.6) Corollary. Let S be a VI, surface with b, > 0 and an antipluricanonical
effective divisor. Then S is diffeomorphic to a blown-up primary Hopf surface.
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