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I n troduc t ion  

T h e  p u r p o s e  o f  this a r t ic le  is to  s t udy  sur faces  o f  class V I I  o . A c o m p a c t  c o m p l e x  

sur face  is in class V I I  o i f  it is m i n i m a l  a n d  i f  its f irst  Bet t i  n u m b e r  is equa l  to  one .  

Sur faces  o f  class VI I  o w i t h  n o n c o n s t a n t  m e r o m o r p h i c  f u n c t i o n s  were  c o m p l e t e l y  

c lass i f ied by K o d a i r a  [12] whi le  sur faces  o f  class V I I  o w i t h  s e c o n d  Bet t i  n u m b e r  

equa l  to  zero  w e r e  deep ly  s tud ied  by  I n o u e  [4]. I n  this a r t ic le  we  cons ide r  t hose  

sur faces  o f  class V I I  o w i t h  pos i t i ve  s econd  Bet t i  n u m b e r  (hence  h a v i n g  no  

m e r o m o r p h i c  f u n c t i o n s  excep t  cons tan t s ) .  N o w  we  h a v e  m a n y  e x a m p l e s  o f  such  

sur faces  - sur faces  w i t h  g loba l  spher ica l  shells [5, 6, 8, 19, 20]. S o m e  o f  t h e m  are  

k n o w n  as  I n o u e  sur faces  - pa r abo l i c ,  h y p e r b o l i c  o r  h a l f  I n o u e  surfaces .  O u r  m a i n  

t h e o r e m  is tha t  a surface o f  class VIIo is a parabolic (or a hyperbolic, or a half) Inoue 
surface i f  it has an elliptic curve and a cycle of  rational curves (or two cycles of  rational 
curves, or a cycle o f  rational curves whose irreducible components generate the second 
homology group o f  the surface with rational coefficients). W e  also c lass i fy  sur faces  o f  
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class VII o with elliptic curves and surfaces of class VII o with b 2 equal to one having 
curves. The known characterizations of surfaces of class VIIo are summarized in 
(10.3). This would be probably a modest step toward the complete classification of 
surfaces of  class VII o with b 2 positive. 

The most part of  the results of this article have been announced in [19, 20]. The 
errors in [19] are corrected in (10.3). 

The article is organized as follows. In w 1 we recall the definitions of Inoue 
surfaces with b 2 positive. In w we study curves and their configurations on a 
surface of class VIIo. Any surface of  class VII o has at most finitely many rational 
curves, each with at worst an ordinary double point, or finitely many nonsingular 
elliptic curves provided that it has no meromorphic functions except constants. The 
number of  elliptic curves and cycles of  rational curves on it is then at most two in 
total. In w we study meromorphic one forms with logarithmic poles with 
coefficients in flat line bundles. We verify two important lemmas (3.11) and (3.12). In 
w167 we consider mainly those surfaces of  class VII  o with either a pair of  an elliptic 
curve and a cycle of  rational curves or a pair o f  cycles o f  rational curves. We show in 
w that the cycle(s) of  rational curves is deformed into a nonsingular elliptic curve 
by deforming the surface. It is shown in w that a small deformation of  the surface is 
a blown-up primary Hopf  surface if it has two elliptic curves. Moreover we verify in 
w that there is a duality between two cycles ofrationsl curves on the surface of  class 
VII o , if  they exist - duality theorems (6.1), (6.8), (6.9). This may be viewed as a 
geometric explanation for part of the duality in [17]. w167 are devoted to proving 
main theorems (7.1), (8.1) and (9.1) - characterizations of parabolic, hyperbolic or 
half Inoue surfaces. In w 10 we classify surfaces of  class VII o with elliptic curves. A 
classification table of  surfaces of class VIIo with curves is drafted in (10.3) by 
combining the results of  Enoki [2] and this article. In w we classify surfaces of  
class VIIo with b 2 equal to one having curves. In w 12 some of  the results in w 4 and w 5 
are generalized. We show that any surface of class VII 0 with an anti-pluricanonical 
divisor is a (global) deformation of  a blown-up primary Hopf  surface. 

We would like to thank Masahisa Inoue and Masahide Kato for their encouragement. The 
discussions and correspondence with Kato during the preparation of the article were always stimulating 
and invaluable. 

Notations 

C 
C* 
R 
Q 
Z 
H 
S(t,  n) 
stnl 

to 
,~[2n + 1] 
--to 

S ,S*  

(the ring of) complex numbers 
C - {0}, (the group of) nonzero complex numbers 
(the ring of) real numbers 
(the ring of) rational numbers 
(the ring of) integers or the infinite cyclic group 
{z e C; Im (z) > 0}, the upper half plane 
a parabolic Inoue surface, see (1.1) 
a hyperbolic Inoue surface, see (1.4) 
a half Inoue surface, see (1.6) 
compact complex surfaces 
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o~ 
Os 

O~ (log D) 

O s ( - l o g D )  
[D] 
K, Ks; K~ 
~s( - -D)  

(~D 

~n , L o 
h"(S, ~ )  

z(s, ~ )  

hp, q 

bl, bl (S) 
b 2 (C) 

z (s) 

7rl (S) 
N(S) ,  n(S)  

the sheaf of  germs over S of holomorphic functions 
the sheaf of  germs over S of nonvanishing holomorphic functions 
the sheaf of  germs over S of holomorphic p-forms 
the sheaf of germs over S of holomorphic vector fields 
see (3.11), (7.7) 
the sheaf of  germs over S of meromorphic 1-forms with logarithmic 
poles along D, see (3.1) 
~r m~s ( f2sl (log D), tgs) 
the complex line bundle associated with a divisor D 
the canonical line bundle of S; of  St 
the sheaf of  germs over S ofholomorphic functions vanishing on (an 
effective divisor) D 
Cs/(Ps(-D) 
~-| L | for a coherent sheaf ~ and a line bundle L 
dimcH~(S, ~-) for a coherent sheaf f f  on S 

2 

( -1)qhq(S ,  ~ )  
q = 0  

hq (s, 08) 
the i-th Betti number of  S 

(irreducible components of C) for an effective divisor C 
4 

( - l f b i ( S ) ,  the Euler number of  S 
i=O 
the fundamental group of S 
see (3.6) 

w Inoue surfaces 

The purpose of  this section is to recall definitions of Inoue surfaces from [5, 6] for 
the use in w167 

(1.1) Parabolic Inoue surfaces. Let q/k = SpecC [Xk, Yk], ~e'= SpecC [w, w- 1, x] 
(k sZ) .  Define a complex manifold ~ by patching q/k and ~ e~ by the relations; 

Xk+l -~-Yk t ,  Yk+l  = Xky~,  

W= XRy k, X =  ~ + l y k ,  

Xk-.~- w - k x ,  yk.~_ w k + l x  -1 " 

Define a transformation g (t) of  3V by 

g( t ) (q lk_ l )  = qlk, g(t)(~'-)  = 3V, 

g (t): (X k_ 1, Yk- 1) -'* (X'k, Y'k) = (t-kXk - a, tk+ 1 Yk- 1), 

g(t): (w, x) --* (w', x') = (tw, wx) 

where 0 <  It] < 1. Let G , =  { g ( t ) ' ~ ; m e Z } .  Then G, acts properly discon- 
tinuously and freely so that we have a quotient S( t  ~, n):= ~'/G,. We call S(P,  n) a 
parabolic Inoue surface. It turns out that S( t  ~, n) depends only on P and n (see 
(1.3)). 
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Let C k be a nonsingular  ra t ional  curve defined by 

Ck c~ q/k_1 : Xk_l = 0, Ck C~ q/k: yk = 0,  

and let C = ~ Ck. G, t rans forms  C onto  C. The  quot ient  Z = C/G, is a cycle of  n 
kE Z  

rat ional  curves. Let  D be a divisor defined by 

Dc~q/k=(a  , D ~  ~e': x = 0. 

Then D is t r ans fo rmed  by G. onto  itself and the quot ient  E :-- DIG, is a nonsingular  
elliptic curve with E z = - n .  

(1.2) Theorem [5]. S ( t , n )  is a VII  o surface with b 2 = n having no meromorphic 
functions except constants. There are an elliptic curve and a cycle o f  n rational curves 
on S (t, n). 

(1.3) Let ~r, q/k, ~ a n d  Xk, Yk, W, X be the the same as in (1.1). Then  we define a 
t r ans fo rmat ion  g,  (t) o f  Y" as follows; 

g.  (t) ( % _ , )  = q/k, g.  (t) ( ~ )  = ~V', 

g , ( t ) :  (Xk_., Yk-,)--* (X~,, y~) = ( t -"kxk_ , ,  t"(k+l)yk-.) ,  

g.( t ) :  (W,X) ~ (W',X') = (t"W, W"X) 

where 0 <  It[ < 1. Let  G* = { g . ( t ) ' ;  m ~ Z } .  Then  G* acts on Y" proper ly  
discont inuously and  freely so that  we have a quot ient  YC/G* which turns out to be 
i somorphic  to S(t",  n). In fact, defining a t r ans fo rmat ion  h o f  Y" by 

h(q/k) = q/k, h(~e~) = -~v', 

h: (x  k, Yk) ~ (X~, ; Y'k) = ( t - t" -  X)k/2 xk, t ("- X)(k+ l)/2 yk) ' 

h: (w, x)  --* (w', x ')  = ( t ("- 1)/2 w, x)  , 

we have g.( t )  o h = h o g(t)". This h induces an i somorph ism o f  S(t" ,  n) with Yg'/G*. 

(1.3) Hyperbolic Inoue surfaces (Inoue-Hirzebruch surfaces). Let co be a total ly 
real quadra t ic  i rrat ionali ty with 09 > 1 > 09' > 0. We define M(09) = Z + Z09, 
U(09) = {xeQ(09) ;  x M ( 0 9 ) =  M(09)}, U+(09 )=  {xeU(09) ;  x > O , x ' > O } .  I t  is 
known  tha t  U § (09) is a subgroup  o f  U(09) o f  index at mos t  two, bo th  U(09) and 
U+(09) are infinite cyclic groups.  We say that  M(091) and M ( 0 9 2 )  a r e  strictly 
equivalent  if  there exists 6 ~ Q  (090 such that  6M(091) = M ( 0 9 2 )  , 6 > 0, 6' > 0. By 
[6, Propos i t ion  (1.1)], there exist 09* and flo ~Q(09) such that  flo > 0, fl~ < 0, 
floM(09) = M(09") and 09* > 1 > 09*' > 0. This M(09") is unique up  to strict 
equivalence (see ibid.). These  flo and  09* are given more  explicitly as follows. Let  the 
modif ied cont inued fract ion expansions  o f  09 and  eg-1 be 

09 = [ [ n o , n 1 , ' " ,  nro-1]] 

09-1 = [[eo, . . .  ' e ,_l  ' mo, . . .  ' m~o_ 1 ]] 

where r o and  s o are the smallest  per iods o f  the expansions.  The  integers n~ and  my 
are greater  than  or equal  to 2 and  at  least one n a and  at  least one m~ are greater  than  
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2. Let 

~* = [[too, m l ,  " " ,  m~o-1]] ,  

'o]-.. 'o]-[: ;], 
'o]--[:: 

Then by [6, p. 93] we have 

B oN o = N * B o ,  d e t B  o = - 1 .  

Let ct o be an eigenvalue o f  N o with s o > 1. Then 

(c~, 1 ) U  o = ao(~O , 1), (~9", 1 )N*  = ao (to* , 1). 

Moreover  s o is a generator  o f  U + (~o). By [6] there exists flo e Q  (t~) such that 

(co*, 1)Bo = flo (~o, 1), flo > 0 > fl~). 

Let V i =  S p e c C [ x ~ , y l ]  , W~=- SpecC[z~ ,w, ]  (2, v e Z ) .  We construct  a 
complex manifold ~ by patching Vx, W~(2, v e Z) by the relations; 

X a + l  = y ~  -1 ,  Ya+l=xaynz a, 
my 

Zv+l  W v l ,  Wv+l  = ZvWv , 

w o = y~ xo y, zo = y~ x~o. 

Let Cx and D~ be nonsingular  rat ional  curves defined by 

Ca~Va:xz-~O, Ca~V;~+l:Ya+l=O, 

D~r~W~: z~=O, D~c~W~+l: w~+i =O , 

D~r~W,= D~c~ Va = 4(#:~ v, v + l; 2,#, v e Z )  

and let C = ~ Ca, D = ~ D~. Clearly C and D are infinite chains o f  nonsingular  
3. eZ veZ 

rat ional  curves, C~Ca+l = D~D~+I = 1, 2 _ 2 _ C a - - n ~ ,  D ~ - - - m ~ ,  CAC~=D~D u 
= CID ~ = 0 (otherwise). L e t p  = [y'~xo I, - o,, o , ,  q - I Yo Xo 1, r = [ w o z 01, s = [ w E*'z o 1. 
Then p and q are extended to cont inuous  functions on ~d - D while r and s are 
extended to cont inuous functions on q / -  C. Moreover  we have pPo = r, qP~, = s. 
Therefore p and r can be extended to the whole q/. Denot ing  the extensions o f p  and 
r to q / b y  the same letters, we let ~ = p -  1 ([0,1)) = r -  1 ([0,1)). Then ~ is a simply 
connected open subset o f  q/. Define an au tomorph i sm go of  ~ by 

go(Va) = Va-,  o, go(W~) = W,-~ o, 

go : (xa, Ya) ~ (x i - ,o ,  Y'~-'o) = (xa '  Ya), 

go:  (zv, w~) ~ ( 4 - , o ,  w'v-'o) = (z,, w,).  
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Then g*p = p~O, g~ q = q,;, g .  r = r ~~ g* s = s~; so tha t  go t ransforms  ~ onto itself. 
Let  G. = {g~';  m ~ Z}. The act ion o f  G, on ~ is proper ly  discont inuous and fixed- 
point  free so tha t  we have a quot ient  surface N/G,  which we denote by S t"l and call a 
hyperbolic Inoue surface or an Inoue-Hirzebruch surface. Let  re: ~ ~ S~o "1 be the 
natural  projection, A~ = ~ (C~), B~ = ~z (D~), A = ~ (C)  and B = 7z (D). We have  

A 2 = - n  o + 2  ( n = r  o = 1 ) ,  Az z = - n  z (otherwise) ,  

B 2 = - m  o + 2 ( n = s o = l ) ,  B 2 = - m ~ ( o t h e r w i s e ) .  

The curves A and B are cycles o f n r  o and  ns o ra t ional  curves respectively. We define 

Zyke l  (A) = (no, . . .  , n,_ 1), Zyke l  (B) = (mo , . . .  , m,_ 1) 

(1.5) 

= ( - A 2 + 2 )  ( n = r o = l )  = ( - B o 2 + 2 )  ( n = s o = l )  

( - A o  ~, . . . ,  - A ~ _ 0  ( - 8 o  ~, - ,  - B~_ 1) 

(otherwise) ,  (otherwise).  

Theorem [6]. S~ "l is a VII  o surface with b 2 =  n(ro+So) having no 
meromorphic functions except constants. There are two cycles A and B o f  nr o and ns o 
rational curves on S~ ~. 

(1.6) Hal f lnoue  surfaces. Consider  the case where [U(co): U + (w)] = 2. Then we 
may  take  ~o* = ~o,/~o as /L Moreove r  U(co) is generated by/~o and  we have r o = so, 
N = N*,  B 2 = N , / ~  = c~ o [6, p. 93]. We  define an a u t o m o r p h i s m  % of  ~ by 

~o(V~)~W~, ~o(Wv)= Vv-,o,  

~o: (x~,  y~) --, ( z l ,  wl )  = (x~, y~) ,  

~o:(Z~, w 0  --, "x' ' " t v-to, Y~-ro) = (z~, w~). 

Then the infinite cyclic g roup  { ~ ;  k s Z }  opera tes  on ~ freely and  proper ly  
discontinuously.  We denote by ~t,l the quot ient  o f  @ by {r[k; k ~ Z} and call it a 

= ,~[2n] ,~ ,~t.l (see (1.4)) hal f lnoue surface i f n  is odd. I t  is easy to see that  %2 go, -,o = - ~ ,  
and tha t  z 2"+~ induces a f ixed-point  free involution i2.+a o f  ~t~,+21 and 
Sto4"+ 21/{id., i2. +1 } ~ Sto2" + 1j. The involut ion i2, + 1 t rans forms  a cycle of  ra t ional  
curves on to  ano the r  on ~t4,+2~. Therefore  the ha l f  Inoue  surface ~t2 ,+l l  has  a 
unique cycle C o f  ra t ional  curves with C 2 <  0 and b2(S ) = ~ (irreducible 
componen t s  o f  C) = (2n + 1) r o. 

(1.7) Theorem [6]. ~to2"+11 is a VII  o surface with b 2 =  ( 2 n + l ) r  o having no 
meromorphic functions except constants. There is a unique cycle C o f  (2n + 1) r o 
rational curves with C 2 < O. 

w Curves on surfaces of class VII o 

(2.1) Let  S be a surface of  class VIIo (or  in shor t  a VI I  o surface). It is by  definit ion a 
compa c t  complex surface with b 1 = 1 having no exceptional curves o f  the first kind. 
We assume throughout this article, unless otherwise stated, that S has no meromorphic 
functions except constants. Then  we have, 
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(2.1.1) h~ F )  < 1 for  any  complex  line bundle  F on S. 

W e  recall the numer ica l  charac te rs  o f  S f rom [12, I, p. 755, II ,  p. 683]. 

(2.1.2) h ~ = 1,  h 1 '~  = h 2"~ = h ~  = 0, - c ~  z = c2 = b 2 ,  b~- = 0, b~- = b z. 

(2.2) Lemma.  Let  D be an effective divisor on S. Then the fol lowing are true. 

(2.2.1) h I (D, Co) < 2. I f m o r e o v e r D  is reducedandconnected,  then h 1 (D, (90) <= 1. 

(2.2.2) I f  D is irreducible, then D is either a nonsingular rational curve, a rational 
curve with a node or a nonsingular elliptic curve. 

(2.2.3) D z < - 2 f o r  a nonsingular rational curve D. 

(2.2.4) Let D 1 and D z be effective and reduced curves on S with 17o common 
components. Then D1D 2 < 2 - p ~ ( D 1 ) - p , ( D 2 )  and they meet  transversally i f  
D I D 2 > 0 where pa(D) = 1 + (KD + D2)/2. 

F r o m  the exact  sequence 0 --, (gs ( -  D) -4 (gs ~ (90 -4 0, we infer the Proo f  (2.2.1) 
exact sequence 

0 ~ H ~ (S, (gs) --* H ~ (D, Co) ~ H1 (S, (9 s ( - D)) 

-4 H 1 (S, (gs) ~ H 1 (D, (90) ~ H 2 ( S ,  ( g s ( - D ) )  -4 0 

in view of  (2.1.2). Therefore  we have h l ( D , ( 9 o ) <  1 + h ~  2 by 
(2.1.1). Assume next  tha t  D is reduced  and connected  and  h I (D, (_90) = 2. Since 
b 1 = 1, we have an n-fold unramif ied  covering ~: S* -* S o f  S for a rb i t r a ry  n. Then 
S* is a VII  o surface with no  m e r o m o r p h i c  funct ions  except constants .  Let  n = 2. Let  
K* be the canonica l  line bund le  o f  S* and  D* = zt*(D). Hence  ( K * + D * ) D *  
= 2 h l ( D * , ( g o , ) - 2 h ~  in view o f  the first  asser t ion o f  (2.2.1). 
However  we have  (K* + D*)  D* = 2 (K + D) D = 4, which is absurd .  

(2.2.2) Assume  that  D is a r a t iona l  curve with  a cusp. Take  a nont r iv ia l  t r iple  
cover ing z:  S* -4 S o f  S and  let  D* = 7r* (D). Since D is s imply  connected,  we have 
h 1 (D*, (gD*) = 3 which cont rad ic t s  (2.2.1). In  view of  (2.2.1), h 1 (D, (gD) = 0 o r  1 so 
that  (2.2.2) fol lows.  

(2.2.3) I f D  is an effective divisor,  then D 2 < 0 by (2.1.2). Assume  tha t  D is a non-  
s ingular  ra t iona l  curve with  D 2 = 0. Since (go(D) = (90, we infer h ~ (S, (gs(D)) = 0 
f rom the exact  sequence 

0 -4 H ~ (S, (gs) ~ H ~  (S, (gs (D)) -4 H ~ (D, d? o (D)) 

-4 H 1 (S, (gs) -4 g l  (S, (gs(D)) -4 H 1 (D, (90(0)) -4 0 . 

Therefore  we have the exact  sequence 

0 -4 H ~ (S, (gs (D)) -4 H ~ (S, (gs (2D)) -4 H ~ (D, (90 (2D)) -4 H ~ (S, g0s (D)) = 0 

where h ~ (S, (gs (D)) = h ~ (S, (gs (2D)) = h ~ (D, (gD (2D)) = 1. This  is a cont rad ic t ion .  
I fD  2 = _ 1, then  D is an except ional  curve o f  the first kind. Such D does  not  exist by  
our a s sumpt ion .  

(2.2.4) I f  D~ D 2 = 0, then it is clear  f rom (2.2.1). I f  D I D  2 > 0, then D 1 + D 2 is 
reduced  and connec ted  so that  pa(D) = ht(D,(gD) _-< 1 where D = D  1 + D  2. 
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Therefore  

Therefore  

D1D z = pa(O~ + D2) - pa(D~) - pa(O2) + 1 < 2 - p , (O~)  - p , (D2) .  

N o w  we suppose  t h a t D  1 and  D 2 meet  at  a po in t  with mul t ip l ic i ty  > 2. Then  we have 
D1D z = 2, pa(Dl)  = p~(D2) = 0, p , (D)  = h1((9o) = 1 and  tha t  D 1 + D z is s imply 
connected.  Let  rt: S* --* S be a t r iple  cover ing o f  S, D* = n*D. Then  D* is a dis joint  
un ion  o f  3 copies o f D  1 + D z . Hence  we have h 1 (D*, (90*) = 3ht  (D, (90) = 3, which 
is a cont radic t ion .  Q.E.D.  

(2.3) Lemma.  Let  D be a reduced connected effective divisor with h 1 (D, (90) = I. 
Assume  that h 1 (D', (91),) = 0 f o r  any proper subcurve D'  o f  D. Then D is either a 
nonsingular elliptic curve or a rational curve with a node or a cycle Qf nonsingular 
rational curves. 

Proo f  If  D is i r reducible ,  then (2.3) fol lows f rom (2.2,2). Let  D = ~ D v be the 
V = I  

decompos i t i on  into i r reducible  componen t s  and  assume n ~ 2. Then  by our  
a s sumpt ion  D~ is a nons ingu la r  r a t iona l  curve for any  v. I f  D~ (D - C~) = 1 or  0 for 
some v, then we have h I (D',  (90,) = 1 where D '  = D - D~. Hence  D~(D - D~) ~ 2. 
Since pa (D) = 1, we have 

~ p , ( D v ) +  Z D ~ D u + ( I - n ) ,  i.e. Z D~D~,=n .  
v = l  v < #  v < l l  

2n = 2 ~ D~D~,= ~ D~(D-D~) > 2n 
v<l~ v = l  

hence D , ( D - D ~ )  = 2. I f  n = 2, then D = D1 + D2, Dx a n d  D 2 meet  at  two 
po in t s  t ransversa l ly  by (2.2.4). I f  n > 3, then by reorder ing  D v sui tably,  we have 

D = ~, Dv, D~D,+~ = D i D  . = 1, D~D, = 0 (otherwise and  v + p). Q . E . D ,  

PI 

v = l  

(2.4) A divisor  D is said to be a cycle o f  rational curves i fD  is e i ther  a ra t iona l  curve 
with  a node  or  a cycle o f  nons ingu la r  r a t iona l  curves. 

W e  not ice  that  a surface o f  class VII  0 with a cycle o f  rational curves has no 
meromorphic  funct ions except  constants. 

(2.5) Lemma. A line bundle F ( ~ H  ~ (S,(gff)) is f lat ,  that is, F ~  H 1 (S, C*) i f  and 
only i f  F z =  O. 

P r o o f  Only  i f  pa r t  is clear. W e  prove  i f  par t .  By the exact  sequences 

0 ~ Z  ~ C  , C *  ,~1 
cxp (2~ i ") 

1 L 
0 ..... ' Z ~ Os ) (9* ..... ~ 1 

cxp(2ni ')  



On Surfaces of Class VII o with Curves 401 

we have exact sequences 

H~(S,C) - - ~  H~(S,C *) ~ H2(S,Z) 

H~(S,e)s) - - - - ,  H~(s,(gr c, H~(S,Z) 

h,, Hz (S, C) 

We assume that F 2 = 0. In view of  (2.1.2) we have c (F)  R = 0 so that c (F)  c = 0, 
that is, h k - l c ( F ) =  0. Therefore there exists an element G in H I ( S , C  *) such 
that k - l c ( F ) =  c(G), i.e. c ( F ) =  c(i(G)). Since j is an isomorphism, this 
implies that F - i ( G ) =  exp(2~i ( j (H)) )  for an element H of HI(S ,C) ,  Thus 
F =  i(G) + exp(2rci(j(H))) is in the image of  HI (S ,C*) .  Q.E.D. 

(2.6) Lemma. LetD be an effective divisor with h ~ (D, (riD) > 1. Then the restriction 
map r: H 1 (S, ~)s) --" H1 (D, (9o) is injective. 

Proof. First we shall prove that h x (Drod, r > 1 where Dre a is the reduced divisor 
with the same support asD. Ifh ~ (/)re d, end)  = 0, then any connected component D' 
of Dr~ satisfies h 1 (D', ~9o, ) = 0. This implies that D' is simply connected. Letting 
re: S* --* S be a triple covering of S, D* = re* (D), we have h ~ (D*, (9o,) > 3 which is a 
contradiction of  (2.2.1). Hence we may assume D to be connected and reduced. 
Then D is either a nonsingular elliptic curve or a cycle of  rational curves, in view of 
(2.3). Let i be the inclusion mapping of D into S, i ,:  H~(D,C) -* HI(S,C) the 
induced homomorphism. Then i,  is surjective. In fact, otherwise, we can choose an 
element of H1 (S, Z) of  infinite order not contained in i ,  (H  1 (D, Z)). From this we 
can construct a triple covering n: S* -* S o r s  such that re- 1 (D) is the disjoint union 
of  three copies of D. This contradicts (2.2.1). Therefore i ,  is surjective so that 
i*: HI  (S, C) - ,  HI  (D, C) is injective. If  D is a cycle of  rational curves, then 
H 1 (D, (9o) ~ H 1 (D, C). Since H 1 (S, C) - H x (S, g)s), the homomorphism r is 
injective. Next we consider the case where D is a nonsingular elliptic curve. Since i* 
is injective and H I (S, g)s) is mapped into H ~ (D, e?o) ~- H ~ c H ~ (D, C) by r, we 
have r(Hl(S,(gs))  = HI(D,r  So r is injective. Q.E.D. 

(2.7) Lemma. Let D be an effective divisor on S. Then the following are equivalent. 

(2.7.1) HI (Dry, ~)or0,) = 0, 

(2.7.2) H ~ (D, d~o) = 0, 

(2.7.3) H 1 (F, Or ) =  0 for any effective divisor with supp ( F ) =  supp (D), 

(2.7.4) p , (F)  < 0 for any effective divisor F with supp ( F ) ~  supp (D). 

Proof By the proof  of(2.6), (2.7.1) and (2.7.2) are equivalent. Let F b e  an effective 
divisor with supp (F) ~ supp (D). Assume that h ~ (F, d~r) > 1. Then it follows that 
h 1 (Fred, d~e,~) > 1 hence h 1 (Dry, d~o~) > 1 and h 1 (D, d~o) ~ 1. Thus (2.7.3) follows 
from both (2.7.1) and (2.7.2). In view of  [1, Theorem 1.7], (2.7.3) and (2.7.4) are 
equivalent. The remaining implication is evident. Q.E.D. 
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(2.8) Lemma. Assume that D is an effective divisor on S such that h i (D, (9o) = 2 and 
h 1 (D', (9o,) < 1 for  any proper subcurve D' o f  D. Then we have K s + D = O. 

Proo f  By (2.2.1), we have h ~ (S, K s + D) = 1. Hence there exists an effective divisor 
E linearly equivalent  to K s + D. I f  D and E have an irreducible componen t  F in 
common ,  let D ' =  D -  F. Then  hl(D',(9o,) > 1 since h Z ( S , ( g s ( - D ' ) )  = 1. In view 
o f  (2.6), we have h a (D', (9o') = 2 which contradicts  the assumpt ion.  Hence  D and  E 
have  no irreducible componen t s  in common .  By assuming tha t  E =t= 0, we shall 
derive a contradict ion.  Assume that  E 2 = 0. Then  E is flat in view o f  (2.5) so that  
Pa (E) = 1 and D E  = 0. By (2.7) we have h a (E, (ge) > 1, hence h I ( E +  D, (9~+o) > 3 
which is a contradict ion.  Hence  E 2 <  O. Therefore  K E - - E  2 - D E  < 0 so that  
KEv < 0 for a t  least one irreducible c o m p o n e n t  E~ o f  E. Since E 2 < 0, we have 
pa(Ev )=O.  In  view o f  (2.2.3), p , ( E ~ ) = I + ( K E ~ + E 2 ) / 2 < O  which is a 
contradict ion.  Q . E . D .  

(2.9) Lemma. L e t D  be an effective divisor with h I (D, (gD) = 2, h I (D', (gD') <= l for  
any proper subcurve D'  o f  D, E an effective connected reduced divisor having no 
irreducible components in common with D. Then ED = 0 and E is a tree o f  nonsingular 
rational curves with intersection graph given by A , ,  D, ,  E 6, E v and E 8 . 

P r o o f  Let F b e  an effective divisor ( + 0) with supp (F)  ~ supp (E). I f  F 2 = 0, then 
F is flat in view o f  (2.5) so that  pa (F )  = 1, D F  = 0, and  h a (F, 0F) > 1 by (2.7). 
Therefore  h~(F+D,(gt~+n)> 3 which is a contradict ion.  Hence F2< 0. This 
implies tha t  the intersection matr ix  o f  E is negative definite. Let  F b e  an irreducible 
c o m p o n e n t  of  E. We have F 2 < 0 and K F  = - D F  < 0 by (2.8). Hence  pa (F)  = 0, 
K F  = - D F  = O, F z = - 2 in view of(2.2.3).  Therefore  D E  = 0. The final assert ion 
follows f rom [1]. Q . E . D .  

(2.10) Lemma. Let  D be a divisor ( =# O) such that the line bundle [D] associated to D 
is flat. Then D = m E  or m E  + n F  (m, nee O) where E and F are one o f  the following, 

(2.10.1) a nonsingular elliptic curve G with G 2 = O, 

(2.10.2) a rational curve G with a node and with G 2 = O, 

(2.10.3) a cycle G = G x + G 2 o f  rational curves with G1G 2 -- 2, G ff = - 2 .  

(2.10.4) a cycle G = ~ G v o f  nonsingular rational curves Gv with 
V = I  

G~G~+a = G 1 G , =  1, G 2 = - 2 ,  G~Gu= 0 (otherwise) ( r >  3). 

Proo f  First  we assume that  D is effective and connected.  IfDr~ a is irreducible, then 
(Dry) 2 = O, pa(Dr~a) = 1 so tha t  (2.10) follows f rom (2.2). I f  Dro a is reducible, let 

D = ~ n~D~ be the decompos i t ion  of  D into irreducible components .  Since 
v = l  

KD~ = 2p , (D  0 - D~ - 2, D~ < 0, we have KD~ > 0 in view o f  (2.2). On the other  
hand  

I = p , ( D ) = K D / 2 + I =  2 + 1  > 1 .  
V 
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/ \ 
This  implies that  KD v = 0. Since -nvDZ~ = D,  [ ~" nuDu] > 0, we have D~ z < 0. 

Hence D~ = - 2 ,  p , ( D , )  = 0. Thus  we have " \ u , v  / 

2n~ = ~ nuD~D u. 

This implies  tha t  D is one o f  the  curves appea r ing  as s ingular  fibres in a pencil  of  
elliptic curves ([11, p. 567]). F r o m  [11, p. 565] together  with a r emark  tha t  any  
effective divisor  E on S having  a s imply connec ted  suppor t  satisfies h 1 (E, (gE) = 0, 
we infer that  D is one ofmlb �9 Next  we consider  the general  case. F i r s t  we assume tha t  

D is effective. Let D = D ") be the decompos i t ion  o f  D into connected  
i = l  

components .  Then  it is easy to see tha t  [D (~] is flat. There fore  D (~) is one o f  the  above  
curves (2 .10 .1 )~  (2.10.4) as we have shown. F ina l ly  we consider  the case where 
nei ther  D nor  - D  are  effective. We wri te  D = E - F for effective divisors  E 
and  F w i t h  no c o m m o n  components .  Since D s = 0, we have 0 = E 2 + F 2 - 2EF .  
On the o ther  hand,  we have E2<= 0, F z _ -  < 0 and  - E F  <= 0. This implies  that  
E 2 = F 2 = E F  = 0. F r o m  wha t  we have seen, any  connected  c o m p o n e n t  o f  E and  
F i s  one o f  the curves (2.10.1) ~ (2.10.4). In  view of(2.2.1)  the number  o f  connec ted  
componen t s  is in any case no t  greater  than  2. 

(2.11) Lemma. Let  D 1 a n d D  2 be connected reduced divisors on S with h 1 (D~, ~)o~) 
= 1, 2 = 1,2, D~ ~ D  z = ~. Then D 1 is a nonsingular elliptic curve i f f D ~  = O. 

The fol lowing is an  app l i ca t ion  o f  Ma .  K a t o ' s  p r o o f  o f  (2.12.1). 

Proof.  By (2.3) Dz is e i ther  a nons ingu la r  elliptic curve or  a cycle o f  ra t iona l  curves. 
Suppose  that  D~ is a nons ingu la r  elliptic curve. Then  it fol lows tha t  Pic ~ (Dr)  ~ D~. 
Since H I (S, C*) ~ H o m ( H  1 (S, Z),  C*) ~- C* �9 (finite group) ,  there exists a line 
bundle  F ( e  H t (S, C*)) o f  infini te o rder  such that  Fn~ (:= the res t r ic t ion o f  F t o  D1) 
is trivial.  (This is a r e m a r k  by Inoue . )  Let  D = D  1 + D  2. We shall  show 
H ~ (S, F )  + 0 or  H ~ (S, - F )  + 0. Assume  H ~ (S, - F )  = 0. Then we cons ider  the 
exact sequence 

0 ~ H ~ (S, - F -  [O]) ~ H ~ (S, - F)  ~ H ~ (O, - Fo) 

H ~ (S, - F -  [O]) ~ n ~ (S, - F )  --, H ~ (O, - FD) 

n s (S, - F -  [D]) --* H 2 (S, - F )  ~ 0 .  

W e  have  H ~ (S, - F -  [D]) = 0 by  assumpt ion .  In  view of(2.8) ,  we have K s + D = 0 

so tha t  Z (S, - F -  [D]) = g (S, F )  = 0, and  

h2(S,  - F -  [D]) = h t ( S ,  - F -  [D]) > h~  - F D) > h~ = 1. 

Hence  we have h 2 (S, - F -  [D]) = h ~ (S, F)  = 1, h ~ (Dz ,  - Fo2 ) = 0. Let  E be the 
effective divisor  [E] = F. In  view of  (2.10) we wri te  E = m 1 E1 + m z E s  (rex > 0, 
m s > 0 )  with E z = 0. I f  m 2 > 0, then by (2.2) we m a y  assume that  D~ = E l ,  
D z = E s , h e n c e D ~ = O . I f m  l > 0 , m  s = O , t h e n e i t h e r E  I = D  1 o r E  I = D  2 . W e  
shall show E~ = D s . Indeed,  otherwise,  D~ = E z = 0 and  [Da]oz is t r ivial  by 
(2.5). Hence  F = [mlD~] is con ta ined  in K e r ( H  1 (S, C*) ~ H a (D 2, d)~2)) which 
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contradicts  h ~ (D2, - FD2 ) = 0. Therefore  we have D 2 = E 1 , D2 2 = E1 z = 0. Next  
we shall show if part .  Assume D2 2 = 0. Then  [D2] is flat in view o f  (2.5). Since 
D i D  2 = O, [D2]ol is trivial. This shows tha t  the restriction h o m o m o r p h i s m  
r: H 1 (S, C*) --* H a (D 1 , d)~l ) has the non-tr ivial  kernel o f  infinite order.  I f  D1 is a 
cycle o f  ra t ional  curves, then by the p r o o f  of  (2.6) Ker  (r) is finite. Therefore  D 1 is a 
nonsingular  elliptic curve. Q . E . D .  

(2.12) Lemma.  Let  D be a reduced effective divisor such that h 1 (D,~)o) = 2 and 
h 1 (D', •o') < 1 for  any proper subcurve D' o f  D. Then D = D 1 + D2, DiD2 = O, Dv 
being a connected component o f  D, D 14: D z . And  one o f  the following holds; 

(2.12.1) both D 1 and D 2 are nonsingular elliptic curves with D 2 = D22 = O, 

(2.12.2) D 1 is a nonsingular elliptic curve with D z < O, and D 2 is a cycle o f  rational 
curves with Dg = O, 

(2.12.3) both D 1 and D 2 are cycles o f  rational curves with D~ < O, D~ < O. 

Clear  f rom (2.2), (2.9) and  (2.11). (2.12.1) was p roved  by Kato .  

(2.13) Lemma.  Let  C be a cycle o f  rational curves on S. Then we have 
[H i (S, Z): i . H  i (C, Z)] = 1 or 2 where i is the inclusion map o f  C into S. 

Proof. Let N be the cokernel  of  i . ,  the following is exact, 0 ~ H 1 (C, Z)  i. , Ha 
( S , Z ) ~ N ~ O .  Then  in view o f  the universal  coefficient theorem and 
H1 (C, Z)  ~ Z,  the fol lowing is exact,  

(2.13.1) 0 ~ H o m ( N , C * )  ~ H o r n ( H i ( S ,  Z ) , C * )  

211 

H i (S, C*) 

~, H o m ( H  1 (C, Z), C*) --* 0 

?11 
i* ...... , H1 (C, C * ) 

Since N is finite and abelian,  we have  H o m ( N ,  C*) = N. I f  N has an element of  
order  n, then we have a flat  line bundle  F o n  S o f  order n such that  Fc is trivial. F r o m  
this F we can construct  an n-sheeted unramif ied covering re: S '  ~ S such that  
re- 1 (C) is a disjoint union o f  n-copies of  C. Since S '  is a surface of  class VIIo with no 
m e r o m o r p h i c  functions, we have n ~ 2 by  (2.2.1). I f  N is of  o rder  n, we can 
construct  in the similar m a n n e r  an unramif ied  abelian covering re: S '  ~ S such that  
the Galois  g roup  o f  re is N a n d  rt-  1 (C)  is a disjoint union o f n  copies o f  C. Therefore  
n=<2.  Q . E . D .  

(2.14) Corollary.  Let  C be a cycle o f  rational curves on S. Suppose that 

(2.14.1) there exists an irreducible curve E with EC > O, or that 

(2.14.2) there exists an elliptic curve or another cycle o f  rational curves. 

Then H1 (S, Z)  = i ,  H1 (C, Z). 

P r o o f  Suppose  that  the order  o f N i s  2 with the nota t ions  in (2.13). Then  we have  a 
double  covering re: S '  --* S with re- 1 (C)  two copies o f  C. Hence by (2.2), (2.8) and 
(2.9) we have a contradic t ion  of  (2.14.1) or  (2.14.2). Q . E . D .  



On Surfaces of Class VII o with Curves 405 

w Meromorphic one-forms with logarithmic poles 

(3.1) Let D be an effective divisor on S. Then we define a locally free sheaf 
f2] (logD) by 

(2~ (logD) = {co E (2~ (Drea) ; d~o E Q2 (D,~)} 

where (2~ (Dr~d) stands for the sheaf of  germs of  meromorphic  q-forms with poles of  
at most  order one at D. L e t p  be a nonsingular point o lD,  x and y local parameters 
with p center such that D is defined by x = 0 at p. Then ~2~ (logD) is an es module 
generated by dy and x -  1 dx atp.  I f p  is a singular point o f  D, we can take in view of  
(2.2) local parameters x and y with p center such that D: x y  = 0. Then O~ (log D) is 
an es module generated by x -  1 dx and y -  1 dy at p. 

(3.2) Since there are only finitely many irreducible curves on a surface with no 
meromorphic functions except constants, we let M be the maximal red.uced divisor 

P 
on S, M = ~ Mj the decomposition of M into irreducible components. Denoting 

j = l  

by 2~r the normalisation of  M, we have the following exact sequence; 

0 ~ O~ ~ as  ~ (log M) ~ e ~  ~ 0.  

(3.3) Lemma. The following is commutat ive and the f i r s t  row is exact: 

0 ~ H~  Os~(logM)) ~ H~ C) a , H2(S,C ) 

t ! 
n ~ Z) ~ ,  n ~(s, Z) 

where b ([Mj]*) = c (M~), [Mj]* standing for  a function whose support is M~ and which 
takes the value 1. 

Proof. From (3.2) we infer an exact sequence 

0 ~ H~  01 (log M)) ~ H ~  (3~r, e ~ )  - -  H x (S, f2s 1) ~ " -  

We shall show H 1 (S, 0s  1) ~ H 2 (S, C). Consider the exact sequences 

O ~ C ~ e s  ~ d~?s --, O 

o -~ des ~ ~ -~ O~ ~ o. 

Since h ~ =- 0 and H I (S, C) ~ H 1 (S, es), we infer 
(q > 1) and the following exact sequence 

0 ~ H t (S, des)  --+ H '  (S, f2~) ~ H 1 (S, f2~) ~ H2(S ,  des)  ~ O. 

By (2.1.2) we have h 2'1 = h ~ = 1, hZ(S, d e s ) =  b 3 = 1. 
H i ( S ,  f2~) ~ - H 2 ( S , C ) .  I t  is easy to see that 

6 ([Mj]*) = c ( M )  (the first Chern class of M )  

so that 6 comes from the Z homomorphism 6z: H~ Z)  ~ H 2 ( S , Z ) .  

H ~ (S, dos)  "~ H q + 1 (S, C) 

Therefore 

Q.E.D.  
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(3.4) Lemma. Let M be the maximal reduced divisor on S. Then H ~ (S, f2~ (log M)) 
is generated by divisors (2.10.1) ~ (2.10.4). 

Proof In view of (3.3), H~ f2~ ( logM)) is generated by Ker( fz ) .  By (2.5) and 
(3.3) Ker  (6z) is generated by divisors whose associated line bundles are fiat. Our 
lemma follows from (2.10). Q.E.D.  

(3.5) Theorem (Ma. Kato). The number pr(S) of  irreducible rational curves on S is 
not greater than b2. 

Proof In view of (2.10), (3.3) and (3.4) p , ( S ) <  2 + b 2 ( S ) .  Let S* be a triple 
unramified covering of  S. It is easy to see that pr(S*) = 3pr(S), b 2 (S*) = 3b 2 (S), 
p,(S*) < 2 + b2(S* ). Therefore 3p~(S) < 2 + 3b2(S ) so that p~(S) < b2(S ). 
Q.E.D.  

(3.6) Let M be the maximal reduced divisor on S. Then we define a subset N(S )  of 
H 1 (S, C*) by 

N(S)  = { F ~ H  ~ (S, C*); h~ Q] ( logM) (F)) ~= O} 

and n (S) = the cardinality of  N(S).  

(3.7) Lemma. Assume n(S) to be finite. Then n(S) < 2. 

Proof Assume that 3 < n ( S ) <  ~ .  Let F~ be flat line bundles in N(S) ,  
F~ 4= Fu(v ~=p), 03v a global section of  f2~ ( logM) (F  0 (v = 1,2,3). Assume 031 ^ oJ2 
= 0. Then we have at any point p of  S a meromorphic  function hp such that 031 
= hp03 2 . Therefore we have a divisor D with D = F 1 - F 2 . In view of (2.1 0) we have 
an effective divisor E whose associated line bundle is flat. Hence we have a 
nontrivial section 031 " nE of f2~ ( togM) (F 1 + hE), i.e. F 1 + n E o N ( S )  for n > 0. 
This implies that n (S) = ~ .  Therefore 031 ^ 032 :~ 0. Similarly 03v ^ 03, =~ 0 (v +/z). 
It  follows that h ~ (S, f2 z (M) (F~ + Fu) ) + 0. Let Dvu = (03~ ̂  c%) be the divisor of 
03~ ^ 03u. Then D~ ,=  K + M +  F~+ F,. Hence D12 - D 1 3  = F 2  - / 7 3 .  In view of 
(2.10), we have a contradiction of  n(S) being finite in the same way 
above. Q.E.D.  

(3.8) Lemma. Assume that n ( S ) =  2 and let D be an effective divisor with 
h 1 (D, (9o) = 2 and h 1 (D', (9o') < 1 for any proper subcurve D' of  D. Then D is two 
cycles of  rational curves (2.12.3) and F 1 + F 2 = 0 for F 1 , F z 6N(S ) ,  (F  1 4: F2). 
Moreover F~ are of  infinite order. 

Proof  Let F 1 and F z be line bundles in N(S),  F I + F  2. In view of (2.8) 
K + D  = 0. By the p roof  of  (3.7) there exists an effective divisor E such that 
E = K + M + F I + F z ,  that is, E + D = M + F ~ + F  2. I f  E + D ~ M ,  then 
n (S) = oe. Hence E + D = M and F 1 + F 2 = 0. Since M is reduced, so is D. By 
(2.12) D is two cycles of  rational curves. Assume that F 1 is of  finite order. Let n be 
the order of  F t . Then we have an n-fold cyclic unramified covering re: S* ~ S of S 
with covering group {ak; k =  0, " ' ,  ( n - 1 ) }  such that n* F  1 = 0 where a " =  ids,. 
Then an element of  H ~ induces an element of  
H ~ (S*, f2~, (log re* M)). By (3.4) there exists an effective divisor H with H z = 0. By 

n- -1  

taking ~ (ak)*H instead of  H we may assume that a * ( H ) =  H and H 2 =  0. 
k = 0  
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Then ~,  (H) is an effective divisor with g ,  ( H )  2 = 0. Therefore [n,  (H)] is a flat line 
bundle and n(S) = m which is a contradiction. Q.E.D. 

(3.9) Corollary. n ( S ) =  ~ if and only if there exists one of the curves (2.10.1) 
(2.10.4). 

(3.10) Remark. Let S be S~ "~. With the notations in (1.4) and (1.5) we define a 
character Z of  G, by Z ( ~o )=  a~. Then by the isomorphism of  H '  (S, C*) with 
Horn (H t (S, Z), C*) ~ Horn (G,, C*), we have a flat line bundle F z on S associated 
with Z- By [6] p. 100 S - A -  B is a quotient space of  H • C by the action of  
Z + Zoo and G,, it is easy to check that d~ and d~ can be extended to sections of  
O~(log (C+D)) by 

d~ =~oxol dxo + Yol dyo, d~ =eO' xo '  dxo + Yol dyo 

and they generate subsheaves of  ~2~ (log (A + B)), isomorphic to (_gs(Fx) and 
(9s(-Fz)  respectively. In fact, we have by this 

~21 (log(A + B)) ~- (gs (Fz) r  ( -  Fz). 

Therefore (2~ (log(A + B)) A ~_ (gA(Fz)O (9~(-- Fz), (2~ (log(A + B)) B -- OB(Fz) 
| (9B(- Fz). 

(3.11) Lemma. Let A and B be cycles of rational curves on S and assume that b2 
= the number of irreducible components of A + B. Then we have n (S) = 2. 

Proof By (2.2.1) (2.12) (3.7) and (3.9) we have n (S) < 2. In view of(2.8) K + A + B 
= 0. In view of (2.9), we have the maximal reduced divisor M = A + B. Since the 
analytic structure of  a neighborhood of  A (or B) in S is uniquely determined by the 
sequence of self-intersection numbers of  irreducible components of A (or B 
respectively) ([15]), we have by (3.10) a flat line bundle ffon A (or (7on B) o f  infinite 
order such that 

O~ (log M)~ = ~9 a (if) @ (9 A ( -  if), 

g2~ (log M ) .  = (9 B (G-) r d~. ( - G-). 

By virture of (2.14) and (2.13.1) there exist fiat line bundles F and G on S such that 
FA = ff and G B = G. 

For  brevity we denote ~s' (log M) by ~s. We shall prove either h ~ (S, ~s  (F)) 4 :0  
or h ~ (S, ~ s ( - F ) )  4= 0. We assume the contrary. The following is exact; 

0 ~ H~ O s ( - M +  F)) -~ H~ ~s(F)) ~ H~ ~s(F)u) 

- +  H 1 (S, ( ] s ( -  M + F)) ~ H 1 (S, Os( F)) ~ H 1 (M, ~s( F)M) 

-* H2 (S, (2s(-  M + F)) --+ H2 (S, ~s(  F)) ---+ O . 

By assumption h~ Os(F)) = 0 so that h~ ~ s ( - M +  F)) = 0. Since Y2 s is self- 
dual, it follows that h z (S, ~s ( - M + F)) = h ~ (S, ~s ( - F)) = 0. On the other hand 
we have 
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z(S,  ~ s ( -  M + F)) = Z(S, ~s( F)) - z(M, ~s( F)g) 

= Z (S, ~s)  - Z (M, (~S)M) 

= g (S, a~ )  + ~( (~r, (9~) - g (M,  (~S)M) 

= - b 2  + h~ (by the p roof  o f  (3.3)) 

= 0 (by assumption) .  

Therefore we have h 1 (S, t2s ( - M + F)) = 0. This contradicts that  h ~ (M, t~s (F)M) 
-->_ h ~ (A, t0A) = 1. So we may assume h ~ (S, t~ s (F)) 4= 0. Similarly we may assume 
h~ ~s(G)) 4= O. I f  F 4 = G, then n (S) = 2 and F +  G = 0 by virtue o f  (3.8). So 
(3.11) follows in this case. So we assume that  F = G. Assume h ~ (S, t~ s ( - F)) = 0 to 
derive a contradiction.  F r o m  the exact sequence 

0 ~ H ~  O s ( - M -  tO) --) H~ O s ( -  F)) -+ H~ 6 s ( -  F)M) 

Ht (S, 5s(--  M - F)) -~ n ~ (S, 5 s ( -  F)) ~ H '  (M, 5 s ( -  F)M) 

--+ Hz (s, 5 s ( -  M -  F)) -* H2 (S, ~2s(- F)) --+ 0,  

we infer h I (S, ~ s ( - M - F ) ) >  2. In  view o f  Riemann Roch  and Serre duality, 
we have h ~ ( S , ~ s ( - M - F ) )  = h ~  
=h~ Since F is o f  infinite order,  in particular 2 F * 0 ,  we have 
h~ ~ s ( F ) ) =  1 by the same argument  as in (3.8). This is a contradiction.  
Therefore h ~  F)) 4= 0 i.e. - F e N ( S ) .  Since F4= - F ,  we have n(S) = 2 
by (3.7). Q .E .D .  

(3.12) Lemma.  Let C be a cycle of rational curves on S with C2 < O. Assume that b2 
= the number of irreducible components of C. Then n (S) = 2 and we have aflat line 
bundle L on S and an unramified double covering ~: S* ~ S of S such that 

Lc=O,  2 L = 0 ,  n ' L = 0 ,  F , + F 2 = L * O  

for F1, F2 eN(S) .  

Proof Let C = ~ C~ be the decomposi t ion o f  C into irreducible components .  
V = I  

Since C z < 0 and b 2 = r, the topological  two cycles C~(v = 1, . . ' ,  r) form a basis o f  
H 2 ( S , R  ). Since K C ~ = - 2 - C ~ = - C C ~  for any  v, we have K + C = 0  in 
H 2 (S, Q) so that  there exists a flat line bundle L on S such that  K + C = L. I f L  = 0, 
then h*(C,d)c)=2 follows f rom (2.6) and h2(S, O s ( - C ) ) = I ,  which is a 
contradict ion.  Hence L 4= 0. The dualising sheaf ~o c o f  C is trivial so that  L c = (K 
+ C)c = COc = 0. This implies by the p r o o f  o f  (2.13) that 2 L  = 0 and that  there 
exists an unramified double covering rt: S * ~  S such that rt*L = 0 and rt-x (C) is 
two cycles o f  rat ional  curves, b2(S* ) = 2r. Clearly C and ~* C are the maximal 
effective reduced divisors o f  S and S* respectively. By (3.10) we have a flat line 
bundle G on S* with h~ *, O s . ( +  G)) = 1. Moreover  f rom (2.13.1) and (2.14) we 
infer a commutat ive  d iagram with exact rows; 

1 ~ 1 ~ H I ( S * , C * )  s*~ H I ( C , , C , )  - , 1 

1 , {1 ,L} , H I ( S , C  *) '*,, H I ( C , C  *) , 1 
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where C '  is a connected component  of  re- 1 (C), i a n d j  are inclusion mappings of  C 
and C'  into S and S* respectively. We notice that C and C'  are isomorphic and 
therefore re*: H 1 (C, C*) ~ H 1 (C' ,  C*) is an isomorphism. 

As ~z*: H ~ ( S , C * ) o H I ( S * , C  *) is therefore surjective, we have a flat line 
bundle F on S such that r e*F=  G. Since + n * F ~ N ( S * )  and 

we have 
h~ ~s(F))  + h~ f2s(F+ L)) = 1 

h~ S, ~ s ( -  F)) + h~ ~ s ( -  F +  L)) = 1. 

Since rt* (F  + L) = G, we may assume that h ~ (S, ~s  (F)) = 1, i.e. F ~ N (S). Then by 
K s + C = L, we have h~ f 2 s ( -  F +  L)) = 1. In view of  (3.7) and (3.9) we have 
n(S)  = 2. Q.E.D.  

w Deformations of neighborhoods of cycles 

(4.1) Let S be a surface, A a cycle of  rational curves on S with negative definite 
intersection matrix. Suppose that A contains no exceptional curves of  the first kind. 
Then the cycle A can be contracted to a normal point by [3], as is the same, we can 
choose a strictly pseudoconvex open neighbood U o f A  in S. For any coherent sheaf 

o n  U, Hq(u, ~)  is finite-dimensional for q = 1, zero for q = 2. 

(4.2) Definitions. 0 s ( - l o g  A) := ~'f~omos (f2~ (log A), ~s), 

JA:= O s / O s ( - l o g A ) .  

(4.3) Lemma. H 1 (U, Or) ~ H 1 (A, (Ov)~) _~ H ~ (A, JA). 

Proof. We have an exact sequence; 

0 ~ n ~  O v ( - l o g A ) )  ~ n ~  6)v) ~ n ~  Ja) 

--* H ~ (U, O v ( - l o g A ) )  ~ H 1 (U, @v) ~ H~ (A, Ja) ~ 0. 

Since the analytic structure of  a sufficiently small neighborhood of the cycle A is 
uniquely determined by the sequence of  self-intersection numbers of  irreducible 
components of  A ([15, p. 139]), U is isomorphic to an open neighborhood of  one o f  
the cycles on a hyperbolic Inoue surface Sto "1. Hence by (3.10) and fIzv ~ Or(  - A), we 
have O r ( -  log A) ~ f2b(log A) = d~v(F) @ d~v(- F) for a flat line bundle Fwith  F~ 
of  infinite order. By [14, Theorem 5.4] we have Hq(U, F) ~- Hq(A, F,A) for any q 
and any sufficiently large n. We shall show by the induction on n that H a (A, G,A ) 
= 0 for n > 0 and any flat line bundle G on U such that G A is nontrivial. Let n = 1. 
Then Ha(A,  Ga)=O because GA4=0 and H~ Ga)=O. We assume n e x t  

H * (A, G,A ) = 0. From an exact sequence 

0 ~ (gA(--nA + G) ~ (9(,+l)a(G) ~ d),A(G ) ~ O, 

we infer an exact sequence 

0 --, H~  O A ( - n A  + G)) --* H~ G(.+I)A) ~ H~ G.A) 

H a (A, dJ a ( - n A  + G)) ---, H 1 (A, G(. + a)A) ~ Ha (A, G.A) ~ O. 
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Then h l ( A , • a ( - n A  + G ) )  = h~ G)) = 0 since A a ( n A - G )  < 0 
for any irreducible componen t  Aa o f  A and Av(nA - G) < 0 for at least one A~. 

Hence H 1 (A,G~n+I)A) = H I(A, G,A) = 0. Hence H i(U,  O v ( - l o g A )  ) = lim 

(H  1 (A, F,~) | H I (A, - F,A)) = O, H I (U, O r )  ~ H 1 (A, JA)" Next we shall show 
H t ( A , ( O s ) A )  - ~ H I (  A, Ja). By a direct computa t ion  the following is exact;  
0 --* (9~ --* (Os)A ~ JA -* 0 where .4 is the normalisat ion o f  A. Clearly H I (A, (9,i) 
= 0, hence Hl(A , (Os) ,~ )  ~ - H I ( A ,  J~). Q.E .D .  

(4.4) Let S be a VIIo surface with an elliptic curve E and a cycle Z of  rat ional  
curves. Then by (2.8) K + E + Z = 0. By (2.12) Z 2 = 0, E Z  = 0 and E 2 = c~ = - -b  2 . 
N o w  le tp  be a nonsingular  point  o f  Z, and h: S '  ~ S be the blowing-up o fS  a tp ,  E '  
and Z '  the proper  t ransforms of  E and Z. Then we have (Z ' )  2 = - 1 so that  the 
intersection matrix o f  Z '  is negative definite. Let U' be a strictly pseudoconvex 
ne ighborhood  of  Z ' .  By (4.3) H ~ (U', Or,)  ~ H ~ (Z ' ,  Jz'). On  the o ther  hand  we 
have the following exact sequence; 

0 --* H ~  ', O s , ( - l o g  (E '  + Z ' ) ) )  ~ H ~  ', O s , ( - t o g E ' ) )  ~ H ~  ', Jz') 

H '  (S', 0 s, ( - log (E '  + Z ' ) ) )  ~ H '  (S', Os, ( - log E ' ) )  --+ H '  ( Z ' ,  Jz') 

-+ H 2 ( S  ', O s , ( - l o g ( E '  + Z ' ) ) )  ~ H z ( S  ', O s , ( - l o g E ' ) )  -+ O. 

Therefore 

h 2 (S', 0 s, ( - log (E '  + Z ' ) ) )  = h ~ (S', f2s L (log (E' + Z ' ) )  (Ks,)) 

= h ~ (S', f2s ~, ( log (E '  + Z ' ) )  ( - E '  - Z ' ) )  < h ~ (S', f2~,) = 0 ,  

a fo r t i o r i  

Since 

we have 

h 2 (S', 0 s, ( - log (E'  + Z ' ) ) )  = h e (S', Os, ( - log E ' ) )  = 0 .  

n - 1  

Jz' ~(gp,  ( - 3 ) r  @) (_9p,(-2),  
a = l  

H~ ', O s , ( - t o g  E'))  = H ~  (S ', O s , ( - l o g ( E '  + Z')))  

~-- H ~ (S',  ~2~, (tog (E'  + Z ' ) ) )  = 0 

because h~  ', f21, (log ( E ' +  Z ' ) ) )  = the number  o f  divisors (2.10.1) ~ (2.10.4) with 
suppor t  in E' + Z '  by the same a rgument  as in (3.4). Thus,  combining the above  
with (4.3), we have, 

(4.5) Lemma.  H q ( s  ', O s , ( - l o g E ' ) )  = 0 (q = 0,2) and the following sequence is 
exact,  

0 -* H 1 (S', O s , ( - l o g ( E ' +  Z')))  ~ H ~ (S', O s , ( - t o g E ' ) )  ~ H 1 (U',  Or,) --* O. 

(4.6) Lemma.  Let  S be a VlIo surface with an elliptic curve E and a cycle Z o f  
rational curves. Then there exists a smooth f ami l y  x: 5~ ~ D with two divisors E a n d  Z 
f la t  over D such that ( S~, ~, ~LY)o = (S, E, Z) ,  ~ = E and ~ t  is a smooth elliptic curve 
f o r  any t 4 :0  where D is the unit disc. 
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Proof. With the notations of  (4.4), there exists by [10, Corollary4] a semi- 
universal deformation (5  a ' -  r  S~', o ~', f, T ' ,  0) of  logarithmic deformations 
of  ( S ' - - E ' , S ' , E ' )  such that the Kodaira-Spencer mapping Po: Tr'.o --*H~ 
(S', Os, ( - l o g  E' ) )  is an isomorphism. This induces an epimorphism of  Tr,,o onto 
H t (U', Or,) for a strictly pseudoconvex neighborhood U' of  Z '  by (4.5). Hence by 
[16, Theorem5]  there exists an open neighborhood ~ '  of  Z '  in 6 e' such that 
6e o' c~ ~ "  ~ U', fe , :  q / ' ~  T '  is versal in the sense of  [16, Theorem 5]. On the other 
hand by  [7] there is a one parameter  family g: ~ "  ~ D of  deformations of  U' and a 
divisor ~ "  of q/"  fiat over D such that ~6 '  ~ Z ' ,  ~ ; '  is a smooth elliptic curve for 
any t 4= 0. By the versality of  fe , ,  we have a one-parameter smooth family 
re': 5e--* D, and an  open neighborhood f ' o f Z '  in 5 ~ such that ~ '  ~ S',  f ~ q/". 
Hence we have a divisor ~ of  6e' fiat over D such that ~ ~ ~o ,,. By stability of  the 
exceptional curve of the first kind [13, Theorem 5], we have a divisor cg of ~9 ~ fiat 
over D such that cg 0 = h -  ~ (p) in (4.4) and ~ can be blown down simultaneously so 
that we have a smooth family r~: 5 e ~  D over the disc D with two divisors g and Y' 
flat over D such that (5~, 8, ~e)o -~ (S, E, Z), ~ ---E and ~ t  is a smooth elliptic 
curve for  any t 4= 0. Q.E .D.  

(4.7) Lemma. Let S be a VII o surface with A and B cycles o f  rational curves. Then 
we can choose strictly pseudoconvex open neighborhoods U and V o f  A and B in S 
respectively and 

(4.7.1) Hq(s, Os)  = H q ( O s ( - l o g A ) )  = nq ( s ,  O s ( - l o g B ) )  
= H q (S, Os ( -  l o g  (A + B))  = 0 (q = 0, 2), 

(4.7.2) the following sequences are exact; 

0 --+ H 1 (S, 0 s ( - l o g  (A + B))) 

0 ~ H 1 (S, O s ( - l o g ( A  + B))) 

0 -+ H 1 (S, Os ( - l o g  (A + B))) 

--* H 1 (S, Os) ~ H I (U, 0u )  ~ H 1 (17, 0v)  ~ 0, 

H 1 (S, 0 s ( -  log A)) ~ H 1 (V, O v )  --+ 0 

-* H 1 (S, Os ( -- log B)) -* H 1 (U, O v) ~ 0. 

Proof. By (2.12) A 2 < 0 and B 2 < 0, hence the intersection matrices o f  A and B are 
negative definite. Therefore we can choose strictly pseudoconvex open neigh- 
borhoods U and  V of A and B respectively. By (4.3) H 1 (U, Or) ~ H 1 (A, JA), 

H i (V ,  Ov) ~- H 1 (B, JB)" Let A = ~ As, B = ~ By be the decompositions of  A 
~=i v = l  

r r 

~ ( ~ ) ,  & ~ �9 o~, (B~). and B into irreducible components.  Then JA =@~ (9P1 A2 
= 1 : = 1  

Therefore H ~ (A, JA) = H ~  (B, JB) = 0. It follows from this in the same manner  
as in (4.4) tha t  h ~ (S, Os) = h ~ (S, Os ( - l o g  A)) = h ~ (S, Os ( -  log B)) = h ~ 
(S, Os ( -- log (A + B))) = the number o f  curves (2.10.1) ~ (2.10.4) with supports in 
A + B ----- 0. On the other hand h 2 (S, O s ( - l o g  (A + B))) = h ~ (S, Ok (log (A + B)) 
(Ks)) = 0 because K s = - -A - B by (2.8). Hence h2(S, Os) = h2(S, O s ( - l o g A ) )  
= h2(S, O s ( - l o g B ) )  = 0. Now (4.7.2) is clear. Q.E.D.  

(4.8) Lemma. Let  S be a VII o surface with two cycles A and B of  rational curves. 
Then there exists a smooth proper fami ly  re: 5e+  D with two divisors d and ~ f lat  
over D such that ( ~ r  ~ ) o  ~- (S, A, B), d t is a smooth elliptic curve (t 4: O) and 
~,  = B for  any t. 
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Proof By (4.7.1) and  [I0, Coro l la ry4]  there exists a semiuniversal  de format ion  
( ~  - ~ * ,  if'*, ~ * ,  f ,  T, 0) o f  logar i thmic deformat ions  of  (S - B, S, B) such that  
( ~ * ,  ~ * ) o  = (S, B), the Koda i ra -Spencer  mapp ing  Po: Tr, o ~ HI  (S, t g s ( - l o g B ) )  
is an i somorphism.  Then by (4.7.2) and the same a rgument  as in (4.6) we can show 
tha t  there exists a one -pa ramete r  smoo th  proper  family n: 6 e ~  D with two divisors 
~r and ~ such t h a t d  o = A , d  t is a smoo th  elliptic curve (t + 0) and ~ t  = B for any 
t. Q . E . D .  

(4.9) Lemma.  Let S be a VII  o surface with two cycles A and B of  rational curves. 
Then there exists a one-parameter smooth proper family ~z; 6e~  D with two divisors 
d and ~ f l a t  over D such that (6~,~r ~)o  = (S, A, B), ~ t  and ~t  are smooth elliptic 
curves for any t ~- O. 

Proof  Similar to (4.8). Q . E . D .  

w Hopf surfaces 

(5.1) Definition. A surface S is called a diagonal  H o p f  surface if S is i somorphic  to 
a quot ient  C 2 - (0,0)/{g~; n e Z} where g is a t r ans fo rmat ion  o f C  2 - (0,0) : (zl ,  z2) 

(cq z l ,  ~2 z2) with 0 < I~1 < 1. A surface is called a H o p f  surface if the universal  
covering o f  it is C 2 - (0,0). A H o p f  surface is called p r imary  if its fundamenta l  
g roup  is infinite cyclic. 

(5.2) Theorem (Kato) .  Let S be a VII  o surface with two elliptic curves. Assume that 
S has no meromorphicfunctions except constants. Then S is isomorphic to a quotient 
surface of  C 2 - (0,0) by the group generated by two transformations g and h 

g: (zl ,  z2) ~ (0~1z1,0~2z2) , 

h: (z 1 , z2) ~ (exp (2~ i/n) Zx, exp (2z~ ip/n) z2) 
where 0 < I~i[ < 1, n and p are relatively prime positive integers. I f  moreover 
H I (S, Z) ~ Z, then S is a diagonal Hopf  surjace. 

Our p r o o f  is a slight modif ica t ion o f  K a t o ' s  original p r o o f  (unpublished).  

Proof Let  A and B be elliptic curves on S. By (2.12) we have A z = B 2 = 0, K s = 
- A - B, hence b z = - c~ = - (A 2 + B 2) = 0. Then  our  theorem follows f rom [12, 
II ,  Theorems  32 and  34]. Q . E . D .  

(5.3) Lemma.  Let S be a VII  o surface with two elliptic curves. Suppose that 
H I ( S , Z )  _-_Z, and h~ m K s ) = O  for any m > 0 .  (S may have nonconstant 
meromorphic functions.) Suppose moreover that any unramified Galois covering S* 
o f  S is cyclic and H a (S*, Z)  ~- Z. Then S is isomorphic to a diagonal Hopf  surface. 

Proof  Assume first that  S has no m e r o m o r p h i c  functions except constants.  Then  
by (5.2) S is i somorphic  to a diagonal  H o p f  surface. Nex t  we assume that  S has  
noncons t an t  m e r o m o r p h i c  functions. Then  S is an elliptic surface by [11, I, 
Theorem4.1 ] .  L e t f :  S ~  A be the elliptic fibration. By [12, II ,  Theorem27]  S is 
i somorphic  to an elliptic surface 

L~,(m,,/3~) . . .  L,,~ (ml , f l l ) (A  • C) 
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where A is the projective line and C is a nonsingular elliptic curve, aa~A, 
a~ 4: av (2 ~ v), [134] is a point of  C of  order m~ ]31 + ... +/3  r ~: 0. Following 

[12, II] we define an invariant tc by ~c = - 2  + ~. (1 - (l/m~)). Let C, = f - 1  (u), 
V =  1 

P~=(C.~)r  ~. Since K s - - - 2 C  u+ (mv-1 )P~ ,  we infer ~c<O, 1_<r_<3 
from h ~ (S, inKs) = O. ~= 1 

Case 1. Assume that r = 3. Take a simply connected Galois covering 03 : F ~ zl 
which is unramified over A - {al, a2, a3} and has branch points of  order rn, - 1 
over a , .  In fact, since the possible triples (ml,  mE, m3) are (2, 2, n) (n >=_ 2), (2, 3, 3), 
(2, 3, 4), (2, 3, 5), we can take respectively the dihedral groups, the tetrahedral 
group, the octahedral group and the icosahedral group as the covering group G, and 
the projective line as F. Let S* be the elliptic surface induced from f:  S --* A by 03. 
Then S* is an unramified Galois covering of S with covering group G, however by 
the assumption the covering group should be cyclic which is a contradiction. Hence 
r + 3 .  

Case 2. Assume r = 2 .  Letting a 1 = 0 ,  a 2 = 0 o  we have S = L 0 ( m l , f l l  ) 
Loo (m2, fi2) (A x C), [flj] being points of  order mj of  C with fll + f12 ~: 0 in C and A 
= PI" Let d = (rn 1 , m2) (:= the greatest common divisor of  rn 1 and m2), e i = mj/d. 
Let S*=Lo(ex ,d[J l )  Loo(e2,df i2)(AxC ). Then by [12,II .p .  688] S* is an 
unramified covering of S, hence by assumption H I (S*, Z)  ~ Z. By multiplying the 
global coordinate of C by a suitable constant we may assume el e2 d(fil + f12) = n 
(a positive integer) and the lattice of  C is Z + Z co. Now that e 1 and e z are relatively 
prime, H 1 (S*, Z) ~- Z + (Z/nZ) by [ibid., p. 688]. Hence n = 1. By [ibid., p. 688] S* 
is written as S * =  (C x C)/G 1 •(C x C)/G 2 where ((u1,~1)) and ((u2, ~z)) are 
identical if and only i fu~  u~ = 1, ~1 + (ml fil log ul)/2ni = ~2 + (m2 f12 log Uz)/2ni 
mod Z + Z~o and the group Gj is generated by a transformation gj: (u~, (j) 

(exp(2ni/ej)uj,  ~ j -  d[J~). By [ibid.] we have a holomorphic mapping f of  a 
diagonal Hopf  surface onto S* as follows. Let h be a transformation of C 2 - (0, 0), 
h: (z 1, zz) --* (exp (2 n i e i co) z 1, exp (2 n i e z co) z z). Then we have a diagonal H o p f  
surface S o as the quotient o f C  2 - (0, 0) by the infinite cyclic group generated by h. 
We define a mapping J of  S o onto S* by 

f * ( u l ,  (1) = (z2 e x p ( -  (e2/el) logza),  (lOgZl)/2niel),  

f *  (uz, (2) = (zl exp ( -  (e 1/ez) log z2), (log zz)/2niea). 

Then f is in fact an isomorphism by [ibid.]. This shows that S* is a diagonal 
H o p f  surface. Therefore S is a quotient of So by an automorphism q: (za, z2) 
--* (exp ( -  2nie x ill) zl ,  exp (2hie 2 f12) z2). Hence nl (S) is abelian, so it is infinite 
cyclic by the assumption. Any generator of  n~ (S) is a product o f  some powers of  
h and q. So S is a diagonal H o p f  surface. 

Case 3. Assume r = 1. Then S = L~ (m,/J) (P1 x C). We may assume that rn/~ = n 
(a positive integer) and the lattice of  C = Z + Zoo by multiplying the global 
coordinate of  C by a suitable constant. By [ibid., p. 688] S = C x C/G w C x C 
where ((s, ()) and (t, ~) are identical if and only if t -1 = s", r = ~ + (logs)/2ni 
m o d Z + Z c o  and G is the group generated by a transformation g:(s ,~)  
--* (exp (2ni/m)s,  ~ - f l ) .  Since []~] is a point o f  order m, the integers m and n are 
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relatively prime. Hence there exist integers p and q such that pm + qn = 1. The 
group G is generated by gL In fact g = (gq)". Therefore by taking gq instead of  g, we 
may assume/3 = 1/m. We define a holomorphic m a p p i n g f o f C  z - (0,0) into S by 

f*(s ,~)  = ( z  2 e x p ( - ( 1 / m ) l o g z l ) ,  logzx/2rcim), 

f * ( t ,  ~) = (zl z~ ' ,  logz2/2~zi ) . 

Let h be a transformation of  C 2 - ( 0 , 0 ) :  (zl ,z2) ~(exp(2~zimco)z 1, 
exp (2 zc io) z z), H a group generated by h. Then H operates on C z _ (0, 0) properly 
discontinuously and freely. The quotient S o := C z - (0, O)/H is a compact complex 
surface and turns out to be isomorphic to S by j~ Hence S is a diagonal Hopf  
surface. Q.E.D. 

(5.4) Lemma. Let S be a VII o surface with two cycles A and B of  rational curves. Let 
~: 5r ~ D be a one-parameter smooth proper f a m i l y , d  and.~ divisors of  S flat over D 
such that ( 5~,d, ~)o ~- (S, A, B) ande~r t and ~ t ( t + O) are smooth elliptic curves. Then 
for any small l t] (t ~ 0), 5~t is a diagonal Hopf  surface with two elliptic eurvesd t and 
~ blown up with centers points lying o n ~  and ~ t .  The curvess/, and ~,  are proper 
transforms o f ~ t  and ~r. 

Proof  We have H~ m K s ) = O  for any m > 0  by (2.8). For  any small Itl, 
H ~ (5~t, mK~) = 0 by the upper-semicontinuity. By (2.14) H~ ( ~ ,  Z) ~ H~ (S, Z) ~ Z. 
Let ~ be the minimal model o fS  t . Then we have h ~ (Y't, mK~:,) = O, H 1 ( ~ ,  Z) --- Z 
and there are two elliptic curves~t  and ~t on ~ that are images of s0 t and ~ t .  Since 
rq (Art) - rq ( ~ )  ~ rq (S), there exists an unramified Galois covering f :  S* --* S with 
covering group G for any unramified Galois covering h: X*--* ~ with covering 
group G. As there are at * most two cycles of  rational curves on S , hence the inverse 
images of A and B only, the covering f must be cyclic and by (2.14), H~ (S*, Z) ~ Z. 
Hence G is cyclic and H~ (X*, Z) ~_ Z. Consequently by (5.3) 5ft is a diagonal Hopf  
surface with two elliptic curves sT, and 0~, and therefore f f~  = o~ 2 = 0. So b z ( ~ )  
= t h e  times of blowing-ups of ~ .  Since c l ( ~ ) 2 = c l ( S ) Z = - A  2 -  B 2 = - ~ r  

- ~ ,  and c a (~)2  = _ b2 ( ~ ) ,  the centers of  blowing-ups of  &r lie on the curves (or 
the proper transforms of)ff~ and ~--,. Q.E.D. 

(5.5) Let D = { t e C ; l t l < l } ,  D ' = D - { 0 } ,  T = D ' x D ' .  Define a transfor- 
mation g of  T x (C 2 - (0, 0)) by g (t I , t 2, z~, z2) = (t~, t2, t~ z~, t~ z 2) and let G be the 
group generated by g. Then it is easy to see that the group G acts on T x (C 2 - (0, 0)) 
properly discontinuously without fixed points. Let 2F be the quotient of  
T x  (C z -  (0,0)) by G, r~: ~ T the natural projection. Then rc is proper and 
smooth, any fiber zt-~(t) is a diagonal Hopf  surface. For  a pair of  holomorphic 
functions ~ and ~2 with 0 < I~,, (t) l < 1 (t ~ D', v = 1,2), we define &r ( ~ ,  0r to be 
the pull back of &r by the holomorphic mapping ( ~ ,  c~2) of  D' into T. 

(5.6) Lemma. By choosing a general family 7r: 6~ ~ D in (5.4), there exists a dense 
subset D* o f  D such that 5~ has no meromorphic functions except constants for t ~ D*. 

In order to prove (5.6) we suffice to prove the following two lemmas. See (5.9). 

(5.7) Lemma. LetSbeaVIIosurfacewi th  two cyclesA andBofrationalcurves. Let 
(o: 5 ~ ~ T' be a semiuniversal deJbrmation o f  S, T = { t ~ T' ; h a ( ~ , ,  _ K ~,) = 6 2 --}- 1 },  
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5~= o5- ~ (T), ~z = o5.~: 5 r  T where T is assumed to be reduced. Then there exist two 
divisors ~ and ~ of  5~ f lat  over T such that 

(5.7.1) ( ~ , d , ~ ) o  ~-(S,A,B) ,  

(5.7.2) ( 5 ~ , d , ~ )  is versal at 0 in the sense that for any given smooth proper f: 
5 ~ " ~ T  " with two divisors ~ "  and ~ "  f iat  over T" such that (5~", 

~ " ,  ~")o ~- (S, A, B), there exists a Cartesian diagram (by shrinking T" ) 

5e" , 5~ 
H 

T" , T 
h 

such that h ( 0 )  = 0 ,  d "  = H ' d ,  ~ "  = H * ~ .  

(5.7.3) Let to be any point of  Tsufficiently near to O. Then (Y,,~ff, g$) is versal at t o in 
the sense of(5.7.2). In other words, for any given smooth proper f : 5 p" ~ T" with two 
divisorsd" a n d S "  of  S~" f lat  over T" such that ( SP",d ", ~")o  ~ ( 5~,d, ~),o, there 
exists a Cartesian diagram 

H 

.1 J. 
T" , T 

h 

such that h (0) = t o , d "  = H*_cff, ~ "  = H * ~ .  

Proof In what  follows we shrink T'  a round  0 if necessary. Since h Z ( ~  ', - K ~ , )  
= h ~ ( ~ ' ,  2K~,) = 0 for any t s T' ,  we have R 105. ( -  K~,)t ~ H a ( ~ ' ,  - K~,), and  
ha(5~t ', - K g )  = h~ ', - K ~ , )  + b 2 = b z o r  b 2 + 1 by h~(S, - K s )  = b 2 + l,  
h ~ (S, - Ks) = 1 and  the upper-semicontinuity.  Hence T is an analytic subset o f  T '  
containing 0 and t is contained in T i f f  h ~ ( ~ ,  - K ~ )  = 1. The coherent  sheaves 
R I ~ . ( - K s ~ )  and R ~  are free Or modules o f  rank b 2 + l  and one 
respectively. Then a generating section o f  R ~  ( -  Kz) gives a divisor ~ o f  5r 
over T such that  ~o  = A + B, @ has two connected components  d and ~ ,  ~ = 
+ ~ .  Let f :  5 ~ " ~  T" be a smooth  proper  family with two T" flat d i v i s o r s d "  and  
~ "  such that  ( S g " , d " , ~ " ) o  ~ (S, A, B). We shall show K s ~ , + d " +  ~ " =  0 by  
shrinking T" a round  0 if necessary. Let F = Ks~, + d "  + ~ " .  Then F t := F~,is a flat 
line bundle for any t (t e T")  because F 0 is trivial. So F t can be viewed as a C*-valued 
cont inuous function o f t  since H a (5(~ ", C*) - H ~ (S, C*) ~ C*. Moreover  sincere/ '  
is either an elliptic curve or a cycle o f  rational curves, K e r ( H I ( ~ " , C  *) 

H 1 ( ~ " ,  ~*;,)) is discrete. Since Ftl~;, = (K~,, +d,")~/, = (9~;,, F o = 1 
(trivial), the function F t reduces to  a constant,  hence identically trivial. Hence 
F = f *  L for a line bundle L of  T". So Ksr + d "  + N "  = 0 by taking T" smaller, 
therefore h ~ ( ~ " ,  - K~,,) = 1 for any  t e T". By the semi-universality of  O5, we have 
a Cartesian d iagram 
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H 

T" , T'  
h 

Since h ~  h a ( 5 ~ ( ' , - K ~ , , ) = b 2 + l ,  we have h ( T " ) c T ,  
H(5~")  c ~ Then H*~r = d " , H * ~  = ~ "  because ~ s ~ - ( - ~ r  ~r 
~-f2~,,/r,, ~-- H*g2%T ~- H*~) s~(Ks~) ~ -H*C ~ ( - d -  ~ )  ~-(~ z , , ( - H * d -  H * ~ )  
and h ~ ( ~ " ,  - Kg , )  = 1 for any t e T". Next we shall prove (5.7.3). Let t o be a point  
of  T sufficiently near to 0 so that R~ -~ (,Or, R l u , ( - K ~ )  ~ (~b:+~ near 
t o . Let  f :  5f" ~ T" be a proper  smooth  family with two T" flat d iv i sors~ ' "  and ~ "  
such that (Sf" ,M",  ~ " ) o  - (5~,~/, ~) ,o .  By the same argument  as in (5.7.2), we have 
K ~ , , + o ~ / " + ~ " = O .  On the other  hand  h ~  
h i (5~ ', O g )  = 2b z is independent  o f t  (t ~ T ' )  so that  c5 :5  ~' --* T'  is a semi-universal 
deformat ion o f  5$~ o if t o is sufficiently near to 0. Hence we have a Cartesian diagram 

•jQ,•tt ) r 

H 

T" , T' 
h 

such that h(0) = t o. By hi (5(t ", - K~,,) = h~  ", - K g , )  + b 2 = b 2 + 1, we have 
h (T" )  c T, H ( 5  ~") ~ ~ and H * d  = d " ,  H * ~  = ~ "  by the same argument  as in 
(5.7.2). Q .E .D .  

(5.8) Lemma.  Let  ~: YE ~ T be a smooth proper fami ly  in (5.5), U = ( D ' )  2 

x (C*) "+b (a, b > 0), ~ = ~ x (C*)~+b,p the naturalprojection o f ~ r  onto U, ~ a 

divisor o f  ~ defined by z i = 0 (a smooth f ami l y  o f  elliptic curves over U) (i = 1,2). 
Define sections o f  ~ over U e l , ' " ,  e~, f l  , " " , fb by 

ei ( t i ,  t2, Sl, " " ,  sa, Ul , "" , Ub) -- ( t l ,  t2, 0, Si, Sl , " " , Sa, Ul , "" , Ub) , 

f j ( t  i , t 2 , Sl , "" ,  S~, Ui , " ' ,  Ub) = ( t l ,  t2, Uj, 0, Sl, " ' ,  S a, Ul , " ' ,  Ub) . 

Blow up ~( successively with centers el, " " ,  ea, f~, " " ,  fb to obtain a smooth proper 
fami l y  cb: ~9~ ~ U with two U-fiat d iv i sors~  and ~ such that 5~,(u ~ U) is a blown-up 
diagonal H o p f  surface with two elliptic curvesdu and ~u a n d d f f  = - a ,  ~ 2  = _ b. 

The fami ly  (5 is versal at any u e U in the sense o f  (5.7.3). 

P roo f  The argument  in (5.7) can be applied to prove (5.8) if  we check the following 

(5.8.1) K ~ =  - ~ - ~ ,  

(5.8.2) h ~  = 1, h l ( ~ ,  - K ~ , )  = a + b + l  for any u, 

(5.8.3) h q (5~,, O g)  = 0 (q = 0, 2), h 1 ( ~ ,  t9 ~) = 2 (a + b) for any u. (5.8.1) follows 
f rom Kz, = - gl - 82, and e i (U) c g 1 (or its proper  transforms) andJ j (U)  c g2 (or 
its proper  transforms). By (5.8.1) h ~  - K s )  > 1. Let  d and  ~ be proper  
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transforms of  gl and 8 z respectively. S inced ,  and Mu are irreducible a n d d ~  < 0, 
N~ < 0, we have h~ - K g )  = 1. By Riemann-Roch and h2 (5~,, -K~ , )  = 0, we 
have h a ( Z , - K g ) = a + b + l .  Next we shall prove (5.8.3). First we have 
h z o 1 2 ( ~ ,  0 4 )  = h (5~,, ~2~| ~.~,) = h~ ~2~r,| 02,) = 0. On the other hand 
h ~  = 2 or 4 according as ta :4= t2 or t a = t2. It is easy to see that 
Aut o (~f,) - (C*)2 or GL (2, C). Hence A u t ~  ~ { 1 } because a, b > 0. Therefore 
h ~  = 0, and h l ( ~ ,  O~)  = 2 ( a + b )  by Riemann-Roch. Q.E.D. 

(5.9) Proof of(5.6). Let n: 5~-~ Tbe  the versal family with two T-flat d iv isors~  
and ~ in (5.7). Then Q = {t ~ T ; ~ ,  or 9~ t is singular} is an analytic subset of T of  
codimension one. On the other hand in the family &: ow~ Uin (5.8) P := {u ~ U; 5~, 
has non-constant meromorphic functions} is {(ta, t2, sl,  " " ,  ub); t7 = t~' for some 
positive integers n and m}, a countable union of  analytic subsets of U. Hence by 
taking a general curve in T passing through 0, we have a family f: ;7" ~ D with 
divisors ~ ' "  and 9~" such that (5r162 ~-(S,A,B),  ~ "  and 9~" are 
nonsingular for t ~: 0 and ~ "  has no meromorphic functions except constants for t 
contained in a dense subset D* of D. In fact, D* = D with a countable subset 
deleted. Q.E.D. 

(5.10) Lemma. Let n: 6f---, D be the same as in (5.4). Suppose that there exists a 
dense subset D* of D such that 5~t has no meromorphic functions except constants for 
t 6D*. Then there exist holomorphic functions ~x and ~2 on D, sections ea,. . .  , e a 
(resp. f l ,  "" ,  fb) of  ~1 (resp. of  82) or its proper transforms over D' where ~ is a 
divisor of YC(~ a , ~2) defined by z i = 0 such that 

(5,10.1) 0 < t~i(t)l < l Jor t :~ 0, order ~1 at t = 0 = ~ (irreducible components 
of B), order ~2 at t = 0 = :~ (irreducible components of  A) 

(5.10.2) 5~':= 7r-a(D ') is a blowing-up of 5~(~a,~z) with centers ea, " ' ,  e, and 
f~, . . . ,  f~. ~ "  := 5e' c~ ~r and ~ ' : =  5 e' c~ ~ are proper transforms of ~ and ~2. 

Proof. ~ ( t  4: 0) is a blown-up diagonal Hopf  surface by (5.4). Since exceptional 
curves of  the first kind are stable by small deformations [13, Theorem 5], we have a 
smooth proper family h: 5f ~ D'  of  minimal diagonal Hopf  surfaces by blowing 
down exceptional curves simultaneously. Let 5 e' = zt- ~ (D'), f :  5e' ~ y" be the 
natural mapping (blowing-down), ~ = f(~r c~ 6e'), ~ = f ( ~  ~ 5g'). Then 
and ~ are nonsingular elliptic curves with [~} and [ ~ ]  flat. Therefore 
h ~  f2 t, ( l og~ ) )  = h~ f2~, ( log~,))  = 1 by the proof  o f  (3.4), and by 
Riemann-Roch, h a (Sf,, f2~, (log~,)) = h ~ (~,,  f2~ ( l o g ~ ) )  = b 2 + 1 even if Y', 
has nonconstant meromorphic functions. Hence R~h. f2~/o,(log~) and 
R~h, 0~/~, (log ~ )  (q = 0,1) are free (9~, modules of  rank one and b 2 + 1. Le t s  a and 
s 2 be generating sections of R~ f2~/o, ( log~)  and R~ f2~/~, ( log~) ,  y 
a generator of  rq (Y'~) ( ~ Z  by (5.4)) contained in 5 f ~ - ~ -  ~ , .  We define ~( t )  

=exp(2rci  ! s~). Then ~( t )  is a holomorphic function on D'. By [12, II, p. 703] 

we have either 0 < ]~( t ) l  < 1 ( i =  1,2) or I~i(t) l > 1 ( i =  1,2). We may assume 
0 < t cq (to) I < 1 for some to. Then it follows that 0 < I~( t )  I < 1 for any t. Indeed, 
if there is t '  with [~i (t ') 1 > 1, then there is t" on an arc connecting t o and t '  such that 
I~( t") l  = 1 which is a contradiction. Hence by (5.5) we have a smooth proper 
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family ~: ~(~1,  et2) ~ D'. Next we want to define a holomorphic mapping F o f  R" 
into ~(~1,  ~2). For this we need the following claim. 

(5.10.3) ~ r _ d  - ~ has a section o over D'. 

Proof. If_Uj is a sufficiently small open subset of D', then we have a section oj 
of  ~ f - d  - ~ over Uj. Then we define a holomorphic mapping Fj of  5( into 

~(Ctl,~Z) over Uj by Fj(t,p) = t, exp ni S ss , exp rci S sz . By (5.4) 
\ \ o.(t) / \ o~(t) / /  

. . . . .  , J J . 

Fj(t, ) is an isomorphism for t contained in D ~ Uj, hence for any t m Uj. Let G be 
a group generated by hi, a transformation of U j x ( C 2 - 0 )  defined by hj: 
( t ,x~,y j )  - ~ ( t , ~ s ( t ) x j ,  ~2(t)yj). h-a(Uj) is isomorphic to U j •  
Therefore 5( is a union of Uj x (C 2 - O)/G where (t, xj, yj) and (t, Xk, Yk) are identical 
iff xj = f~k (t) Xk, yj = gjk (t)Yk rood G for nonvanishing holomorphic functions fjk 
and g~k on Ujc~ UR. (This is the case because D* is dense in D.) Consider an exact 

sequence of  sheaves of  abelian groups, 0-~ Z i ~ (0,,)2 ~ JV-~ 1 where i is 
defined by i(n) = (~l(t) ~, ct2 (t)"). Then a set of pairs (fjk(t), gjk(t)) defines a one 
cocycle on D' with coefficients in W. Since H s (D', JV) -_ H E ( D ' ,  Z )  = 0 ,  there exist 
nonvanishing holomorphic functions fj and gj on Uj such that (fj, gj) = (f~k fk, gjk gk) 

mod G. Then o = 0 {(t, xj, yj) = (t, f j(t) ,  gj(t))} is a section of  5( - ~ -  ~ over D' 
J 

as desired. Thus the proof  of  (5.10.3) is complete. 
Now we define a holomorphic mapping F of  ~ into ~(~s,ct2) by F( t ,p )  

= t, exp r c i ~ s  s , exp  rci j 's~ whereo( t )  is a section of  S f - f f -  ~ over 
\ o(t) / \ o(t) / /  

D'. By (5.4) F(t,  ) is an isomorphism if t is in D*. Therefore F(t ,  ) is an iso- 
morphism for any t, hence Fis an isomorphism of  5(with ~ ( ~ ,  a~) over D'. Clearly 
F ( ~ )  = o~s, F ( ~ )  = Cz. By the definition of  ~e we have sections es , . . .  , e, and 

f~, " " ,  fb of  ~ (as, ~2) such that 6 e' is a succession of  blowing-ups of  ~ (~s, ~2) with 
centers e~, . - . ,  lb. By the proof  of  (5.7) we have K~ = - ~ 1 - 9 ,  so ei(D ) and 
fj(D) are contained in ~r + ~ or its proper transforms. By ~,2 = _ a, 9 2  = _ b, 
we may assume ei(D ) c ~  or its proper transforms and fj(D) c ~ or its proper 
transforms. Both~r and ~ are elliptic surfaces over D. Since K~ ~ (K~ +~r ~ (9~, 
K~ ~ (K~ + ~)~ ~ C~, both ~r and 9 are minimal along ~10 and ~0 ,  hence by 
[11, II. p. 597], the order of  a s at t = 0 equals ~ (irreducible components of  B), 
the order of  0~ 2 at t = 0 equals ~ (irreducible components of  A). Q.E.D. 

(5.11) Lemma. Let  S be a VII 0 surface with an elliptic curve E with E 2 = _ n and a 
cycle Z o f  rational curves. Then there exists a one-parameter smooth proper fami l y  
~z: 5a ~ D with two divisors g and ~ f la t  over D, holomorphic funct ions ~s , o~2 on D, 
n sections e ~ , . . . ,  e. o f g  s (orproper  transforms o f g x )  over D '  where ~ is a divisor 
z s = 0 o f Y ' ( c q ,  o~2) , D ' =  D - 0  such that 

(5.11.1) (5~, ~, ~ ) o  = (S, E, Z), 

(5.11.2) 0 < [~ ( t ) [  < 1 (t 4: 0), order 7 s at t = 0 = ~ (irreducible components o f  
Z), ~2(t) is constant and 0 < t~2(t) t < 1, 

(5.11.3) 5t[~ has no meromorphic funct ions except constants f o r  generic t, 
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(5.11.4) 5 p' := 7t - 1 (D') is a blowing-up o f  3f (0q, ct2) along ei (1 < i < n), r and .3~ 
are proper transforms o f  r 1 and Cz and ~z  = _ n, ~ t  2 = 0 ( t 4= O) where r is a divisor 

Proof. By (4.6) there exists a one-parameter  family 7z: 5 ~  D with two divisors r 
and ~e flat over D such that ( ~  r ~()o ~ (S, E, Z),  and ~ _~ E, Lr, is a smooth  
elliptic curve for t + 0. By the argument  similar to (5.7) we may assume that ~ h a s  
no meromorphic  functions except constants  for generic t by choosing a general re. 
Then by the same argument  as in (5.10) 5 a' = rt-  ~ (D')  is a blowing-up o f  Y" ( ~ ,  ~t 2) 
along n sections e I , .--,  e, o f  Ct (or proper  t ransforms of  r where ~ are bounded  
holomorphic  functions on D. Since ~2 = E 2 = _ n, ~ 2  = Z 2 = 0, the centers of  
blowing-ups are on r or  the proper  t ransforms of  r Since the periods o f ~ are 2 ~ti 
and log ~t 2 (t), c~2 (t) must  be constant ,  and we may assume 0 < [~2 (t) I < 1. Since 
is an elliptic surface over D and K~ ~ (Ks ,+  ~e)a. = (9• as in (5.7), ~e is minimal 
along ~v 0 = Z. Hence the bounded  holomorphic  function ~ (t) has a zero o f  order  

(irreducible components  o f  Z)  at  t = 0. Q .E .D .  

w Duality 

(6.1) Theorem (Duality I). Let  S be a VII  0 surface with two cycles A and B o f  
rational curves. Then 

A z = _ :~ (irreducible components o f  B ) ,  

B2 = - ~ (irreducible components o f  A ) ,  

and b 2 = ~ (irreducible components o f  A + B) ,  there are no curves other than 
irreducible components o f  A and B. 

(6.2) Let a = - A  e, b = - B  2, r =  ~ (irreducible components  o f  A), s =  :~ 

(irreducible components  o f  B ) a n d  let A = ~ A x, B = ~ B~ be the decom- 
2 = 1  v = l  

positions o f  A and  B into irreducible components  such that  

(2 * V, V +__ 1 1nod r), B~Bv = (2 4= v, v + 1 m o d  s). 

We recall K s = - A  - B ,  b 2 = - c  2 = - A  2 - B z = a +  b by (2.1.2) and (2.8). 

(6.3) Lemma.  Let  N be a line bundle on S with N A  > O or NB > O. Then 
h ~  = O. 

Proo f  Without  loss o f  generality we may  assume NA > 0. Assume H ~ (S, N) 4= 0. 
Then there exists an effective divisor E such that [E] = N. By (2.9) we can express 
E = Et + E 2 + E3 with supp (E~) c A, supp (E2) c B, supp (E3) ~ (A ~J B) ----- qS. By 

assumption E 1 A > 0 .  Let  E 1 =  ~ n a A ~ .  Assume r > l .  Then  E ~ A =  
A = l  2 = 1  

(2 + A 2) n z < 0 which is absurd. So r = 1. Then E 1 = hA, E I A = nA 2 < 0 by (2.12) 
which is again absurd. Q .E .D .  
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(6.4) Lemma. Le t  L be a line bundle on S with L z = K s L  = - 1, L A  = 1. Suppose 
that .4 2 #- - 1. Then there exists  an irreducible component By o r B  such that L B  v 4: O. 

P r o o f  Assume tha t  LBv = 0 for any irreducible componen t  By of  B. Then L ,  (the 
restriction o f  L to B) is fiat. Since H 1 (S, C*) ~ H 1 (B, C*) by (2.14), there exists a 
fiat line bundle F on S such that  F B = L s. Hence by taking L - F instead of  L we 
m a y  assume L B to be trivial. By L A  = I and (6.3) we have h~ L ) =  0. Hence  
h ~  B ) =  O. By R iemann-Roch  and Serre duality, we have h 1 (S, L -  B) 
= h 2 (S, L - B) + ( - K s L  + K s B  + (L - B)2)/2 = h 2 (S, L - B) = h ~ (S, - L - A). 
Since . 4 2 4 : - 1 ,  we have ( - L - A ) . 4  > 0. Hence by (6.3) h ~  = O. 
Therefore  h ~ (B, LB) < h ~ (S, L) + h a (S, L - B) = 0 which contradicts  h ~ (B, LB) 
= h ~  = 1. Q . E . D .  

(6.5) Lemma. There exis t  line bundles on S, Lj ,  M k (1 < j < a, 1 < k < b) such that 

(6.5.1) A = -  Lj ,  B = -  ~ M k i n H z ( s , Z )  
j = l  k = l  

(6.5.2) KsLj=K Mk=-I, L,L =LjMk =M M,=0 
( i4: j ,  k4 :  l) where a = - A  2, b = - B  z. 

P r o o f  By (5.4) there exists line bundles L~ and M~ on 5ft(t 4: 0) (1 =< j < a, 1 _< k _< b) 

such that  s g t = -  L), 8 , = -  ~ M~ in g 2 ( ~ , Z )  and  L ) 2 = M I 2 = - 1 ,  
j = 1  k = 1  

( i , j ,k+l) .  Since 
~- I I  z (S, Z), I I I  (S, (9*) ~ I I  2 (S, Z) is surjective, therc are line bundles Lj and Mk 

on S as desired. 

(6.6) P r o o f  o f  (6A ). Suppose first rain (a, b, r, s) >__ 2. Since Lj and M k is a Z basis 
o f  H 2 (S, Z),  we can express 

b 
+ y 

j = l  k = l  

j = l  k = l  

for certain integers na j ,  n'~,j, mz, k, m ~,  k . By applying (6.4) to L = L~, there exists at 
b 

least one n],j 4= 0 for  any j .  By (6.5.2) B -- - ~ M k ,  there are at least two n~j  4 :0  
k = l  

for  a n y j .  On the other  hand  there is a t  least o n e  m~,  k 4:0  for  any k. Therefore  

b = - B 2 = -  ~ B 2-2s  
A = I  

= ~ (n [ j )  2 + ~ (m'~,k) 2 -  2S > 2a + b -  2s .  
~, j  ,~,k 

Hence s __> a. Similarly r _>_ b. However  since the intersection matr ices (A~A~) and 
(B~B~) are  negative definite in view o f  (2.12), A~ and B v (1 < 2 __< r, 1 < v < s) are 
linearly independent  in H 2 (S,  Z ) .  In  other  words  b 2 _>_ r + s. Since b 2 : a + b, this 
implies that  b E : -  r + s, r : b, s : a. 
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I f m i n  (a, b, r, s) = 1, then by taking a double covering re: S* ~ S, we have a VII  o 
surface S* with two cycles A* and B*, A* = re- l (A) ,  B* = 7t -1 (B). Then  (A*) 2 
= 2 A  2, ( B * ) 2 = 2 B  2, :~ (irreducible componen t s  o f  A * ) = 2 ~  (irreducible 
componen t s  o f  A), ~ (irreducible componen t s  of  B*) = 2 ~ (irreducible com- 
ponents  of  B). So we can apply  the above result to S* and have r -- b, s = a. The  
remaining assert ion of  (6.1) is now clear f rom (2.9). Q . E . D .  

(6.7) Corollary. m;t,k , n'~,j= + 1, or O, nz, j, m ' ,  k = --1,  or 0 

~{na.j  4= 0; 1-< 2-< r} = 1, :~{mz,k + 0; 1 - < 2 - < r )  = 2 

:~{n i , j *  0; 1 < 2 < s }  = 2, ~{mi, k : t = O ; l < 2 < S } = l  

for  any j and k. 
Clear. 

(6.8) Theorem (Dual i ty I I ) .  Let S be a VII  0 swface with two cycles A and B of 
rational curves. Then there exist positive integers pj, qj( > 3) such that 

Zykel(A) = (Pl ,  2 , ' " ,  2, p2,  2 , ' " ,  2, �9 . . . .  , p , ,  2 , " ' ,  2) 

(ql - 3) (q2" 3) (q.~- 3) 

Zykel(B) = (2, . . . ,  2, q l ,  2 , . . . ,  2, q2 , '  . . . .  , q , - 1 , 2 , . . . ,  2, q , ) .  

(p, 3) (pL 3) 3) 

More precisely, by renumbering Lj and M k if necessary, 

A z = M z _ , - M  z -  E L i ,  B , = L ~ - L , , + , -  Z Mk 
j ~  l~. 

where 

I z - = { m e Z ;  R j + I < _ m < - R j + I }  

{m Z; Sj_l + l <-m<-Sj} 
4) 

J 

k e J  v 

(2 = Sj + 1 for some j(O < j  <= n - 1)) 

(otherwise) 

(v = R~ for some j (1  < j <  n)) 

(otherwise) 

(1 <= 2 <= r, 1 < v <_ s) and  R~ = ~ (p~ - 2), Sj = ~ (qi - 2), R, = s. (See (1.4) for the 
definit ion of Z y k e I ( ) . )  i=1 i=1 

Proof In the following p r o o f  we denote  {m ~ Z ;  a _< m < b} by [a, b]. By (6.7) we 

have A x A v = -  ma, kmv, k, B x B v = -  n~,jn~,j. (Notice that  r = b, s = a.) 
k = l  j = t  

Since AxAz+~ = B~B,+~ = 1, there are a t  least one m~.k(~O) and at  least one 

n ; , j ( . 0 )  for  any X and v. Since A~B= B~A = 0 ,  w e h a v e  ~ ma, k=O, ~ n ; , i = 0  

for any 2 and v therefore m~, k 2 > 2, n' .2 > 2. On the other  hand  by (6.7) or  
k = l  j = l  

2 = 2 ,  the p r o o f  of  (6.6) we have  ~ ma, k z = 2r, ~n ' vd  z = 2s. Hence ma, k 
~.,k v , j  k = l  

I 2 
n~,j ---- 2. This implies that  there are exactly two nonzero  mz, k and two nonzero  

J ~ l  
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n',, t with distict sings for any  2 and v. Therefore  by reorder ing L t and  Mk suitably, 
and  by the relations AaAa+ 1 = B~B, +~ = 1, A~A~ = B~Bp = 0 (2 4: v, v + 1 m o d  r; 
c~ 4 = fl, fl + 1 m o d  s), we can express 

Aa= M~_ 1 -  M ~ -  Z Lt 
j~12 

B ~ = L ~ - L ~ + I -  ~ M k 
keJ~ 

where 11 H . . .  I i /~  (disjoint union)  = [1, s], J1 11"'" I i  J~ (disjoint union) = [1, r]. 
We may  assume, by a cyclic pe rmuta t ion  o f  irreducible componen t s  of  A, 

Zykel  (A) = (Pl ,  2, . . . ,  2, P2 ,2 ,  . . . ,  2, .  . . . .  , p , ,  2, . . - ,  2). 

(ql - 3) (q2 - 3) ( q , -  3) 

This is equivalent  to the following: ~ (Lsj + 1) = Rj+ 1 - Ri = Pt+ 1 - 2, 14 = q5 if 
2 4 = S t +  1 for  any j where S t = (ql - 2) + . . .  + ( q t -  2). Let  N be the set o f  all 
v with J~4=~b, N = { T 1 , T z , . . . , T m )  where T I < T e < . . . < T , , .  Set P=Is j+~,  
jR= Jr~. F o r  any  v with Tk+ 1 < v < Tk+ 1 -- 1, we have B y =  L ~ -  L , + I ,  hence 
by Asj + 1B~ = 0, P contains  v iff  P contains v + 1. This implies that  P contains 
[Tk + 1, Tk + 1 ] or P ~ [Tk + 1, Tk + 1 ] = qS. Since P is nonempty  and the disjoint union 
o f  [Tk+ 1, Tk+l] is [1,s], P contains [Tk~t)+ 1, Tk~t)+ x ] for some k ( j )  and m > n. 
By the same argument ,  jk  contains [Sin)+ 1, St~k)+l ] for  some j ( k )  and n > m. 
Hence  we have m = n and  P = [T k~t) + 1, T k~t) + 1], jk = [S t ~k) + 1, S t(k) + 1]. We may  
suppose,  wi thout  loss o f  generality, that  I ~ = [1, R~ ]. We shall show that  k 0 )  = J, 
j ( k )  = k -  1, T~= R t. By Asj+ l Brk= O, 

~ ({St} c~ jR) _ :~ ({Sj + I} ~ jk) + ~(itc~ {Tk} ) _ ~(itc-~ {Tk+ 1}) = 0. 

This is equivalent  to the following 

(6.8.1) j = j ( k )  iff  k = k( j )  + i ,  

(6.8.2) j = j ( k )  + 1 iff k = k(j) .  

By A 1 = M o -  M 1 -  (L 1 + . . .  + LR~), A1Ba= O, we have tha t  B a =  L z -  La+ 1 
(1 < 2 < R ~  - 1), JR, contains  1. Hence  T 1 = R1, j1  = [1,S1] , j (1  ) = 0. By (6.8.2) 
1 = j ( 1 ) +  1 implies tha t  1 = k(1).  We  shall show by induct ion on l that  
k( l )  = l , j ( l )  = l -  1. We assume j ( l )  = l -  1. Then by (6.8.2) l =  k(1). By (6.8.1) 
l + l = k ( l ) + l  implies that  l = j ( l + l ) .  Consequent ly  P = [ T j + I ,  Tj+I] , 
j k =  [Sk-x+I ,  SR]. Since ~ ( P )  = Tj+ 1 - T~= Rt+ 1 - R t and /'1 = R , ,  we have 
T~=R~ for any j. Thus  B E - - 2 - ( S t - S  t 1)= - q t ,  Rj-- 

Zykel(B) = (2, . . . ,  2, q l , ' " ,  q , - a ,  2 , . . - ,  2, q ,) .  

3i (p.- 3----7 Q. 
(6.9) Theorem (Duali ty l iD.  Let S be a VIIo surface with two cycles A and B of 
rational curves. Then H 2 (A, Z) and Hz(B, Z) are primitive sublattices of  the 
unimodular lattice H 2 (S, Z), each being the orthogonal complement of  the other. And 
we have, [det(AxA~) I = ] det (BzB~) I. 

Proof W e  have an exact sequence, 
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O-} H 4 ( S - A , Z ) - - }  H,~(S,Z) f,.~ H 4 ( S , S - A , Z )  

~ H 3 ( S - A , Z ) ~ H 3 ( S , Z  ) g~ H 3 ( S , S - A , Z  ) 

---} H a (S - A, Z) --* H a (S, Z) n } H a (S, S - A, Z) 

H 1 (S - A, Z) -~ H 1 (S, Z) ~ H 1 (S, S - A, Z) ~ 0. 

We notice that H k (S, S - A, Z) ~ H 4-  k (A, Z) by the generalized Poincar6 duality. 
Hence f i s  an isomorphism, and H1 (S, S - A, Z) = 0. And g is an isomorphism too. 
In fact, since H3 (S, Z) ~ H ~ (S, Z) and g is equivalent to the natural homomor-  
phism H ~ (S, Z) -~ H 1 (A, Z) which is an isomorphism by (2.14). Now we shall show 
h is an epimorphism. By (6.5) H 2 (S, Z) is generated by (Poincar~ duals of) L s and 
Mk(1 < j < s ,  1 < - k < r )  and by (6.8) we have 

h(Mk) = ~ (MkA~)[A~]* --- [Ak]*-- [Ak+l]* 
2 = 1  

h(Ls) = [Ask+~]* (Rk+ 1 < j < R k + l ) .  

Consequently Im (h) contains all [A~]*, hence h is an epimorphism. Therefore H I (S 
- A, Z) ~ H 1 (S, Z) and H 2 (S - A, Z) is the orthogonal complement H2 (A, Z) • of  
H 3 (A, Z) in H 2 (S, Z) with respect to the intersection product. Clearly H 2 (B, Z) is a 
subspace of H a (S, Z) by the natural homomorphism,  orthogonal to H 2 (A, Z). 
Hence H 2 (B, Z) is contained in H2 (A, Z) • We shall show H 2 (B, Z) = H2 (A, Z) I. 
Since rank Hz (B, Z) = rank H 2 (A, Z) • any element P o f H  2 (A, Z) • can be written 

as P = ~ az Bz for certain rational numbers az. By the same argument as above we 
~.=1 

can show the surjectivity of  the homomorphism of H a (S, Z) into H2 (S, S - B, Z) 
~- H 2 (B, Z). So there exists N~ in H2 (S, Z) such that N~B~ = 6~ .  Hence a~ = PNz 
is an integer and therefore P is in H z ( B  , Z). Thus H 2 ( S - A ,  Z) = H2(A, Z) • 
= Ha(B,Z) .  Moreover since h is surjective, we have H z ( S , Z ) / H 2 ( B , Z  ) 
= H a (S, E) /H 2 (S - A, Z) _-__ H2 (S, S - A, Z) --- H 2 (A, Z), therefore H a (B, Z) is a 
primitive sublattice (that is, H a (S, Z ) / H  2 (B, Z) is free). Similarly H 2 (A, Z) is also 
a primitive sublattice of  H a (S, Z). On the other hand since H a (A, Z) and H a (B, Z) 
are dual lattices of  H 2 (A, Z) and H 2 (B, Z) respectively, we have 

] det (AzA~) [ = [H 2 (A, Z) : H a (A, Z)] 

= [ H 2 ( B , Z ) ' H 2 ( B , Z ) ]  = Idet(B~B~)[. Q.E.D.  

C o r o l l a r y .  H I (S - A, Z)  ~ H t (S - B, Z)  ~ H I (S, Z) ~ Z .  

Since H 1 (S, S - A, Z) = H 3 (A, Z) = 0 and h is surjective, we have H1 (S 

(6.10) 

Proof. 
- A, Z) g H1 (S, Z). By (2.14), H 1 (S, Z) ~ H~ (A, Z) ~ Z. The assertions for B 
follow in the same manner. Q.E.D.  

(6.11) Lemma. Let S be a VII 0 surface with an elliptic curve E and a cycle Z or 
rational curves. Then E 2 = - ~ (irreducible components o f  Z )  = - b2, and there are 
no curves other than E and irreducible components of  Z. 

For the proof  of  (6.11) we need three lemmas that can be verified in the same 
manner as (6.3) (6.4) and (6.5). 
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(6.12) Lemma.  Let  M be a line bundle on S with M E  > O. Then h ~  = O. 

(6.13) Lemma. Let  M be a line bundle on S such that M z = K M  = - 1, M E  = 1. 
Then E z = - 1 or there exists an irreducible component Za o f  Z such that Z z M  4: O. 

(6. t4)  Lemma. There exist line bundles M k (1 <- k <_ bz) on S such that 

b2 
(6.14.1) H z (S, Z) = k~) Z c (Mk), 

(6.14.2) E = - ( M  a + M z +  ' "  +Mb2) ,  

(6.14.3) M 2 = K s M  k = - 1, MkMz = 0 (k  4: l) .  

(6.15) Proo f  of(6.11).  Let n be :~(irreducible componen t  of  Z),  Z = ~ Za the 
) ,=1  

decompos i t ion  o f  Z into irreducible components .  Assume E 2 4= - 1, n + 1. By (6.14) 
b2 

we can express Z), = ~ m),,kM k with integers m),,k. By (6.13) there is a t  least one 
k = l  

m~,k(+0)  for any  k. Since ~ Z ) , =  Z =  0 in H z ( s , z ) ,  we have a t  least two 
g = l  

m~,k(4=0) for any k. Hence  ~ m z k >  ~{m~,k#: 0; 1 < 2 < n ,  1 < k < b 2 )  > 262. 
),.k 

On the o ther  h a n d 0 = Z  2 - ~ m  z -- ),,k + 2n. F r o m  this we infer n > b 2 . However  
),,k 

r a n k  (Z),Zv) is equal  to n - 1, and  EZ~ = O, E 2 = - b  2 < 0, which shows b 2 > n, so 
b z =  n, rex,k= 0, _+ 1. I f  E 2 - -  - - 1  or n = 1, then by taking a double  covering 
~: S*-~  S of  S, we have b2(S* ) ----- ~ (irreducible componen t s  of  ~z -~(Z) ) - -  2n, 
b2(S*)  = 2bE(S), so b 2 = n. Q . E . D .  

(6.16) Corollary. With the notations in (6.15), by reordering M k suitably, 

E = -  ~ Mk, Z x = M  a - M z + a ( n > l )  o r Z  1 = 0 ( n = 1 ) .  
k = l  

P r o o f  W e  may  assume n + 1. By (6.15) m~, k = 0 or  + 1. By Z~ 2 = - 2 ,  ~ {m~. k 4: 0; 
1 < k <  n} = 2. By Z a E =  0, we have 2 and 2' for any k such tha t  rex, k =  1, 
m a , , k = - - 1 .  By Z~Za+ ~ = 1. We have  our  assert ion by reordering M k if 
necessary.  Q . E . D .  

(6.17) Corollary. H ~ ( S - E , Z )  - H ~ ( S , Z )  ~ Z ,  H I ( S - Z , Z  ) ~ Z  2. 

P r o o f  There  is an  exact sequence; 

--~ H 2 (S - E, Z)  ~ H 2 (S, Z) ~ ~ H 2 (S, S - E, Z) 

--* H a (S - E, Z) ~ H a (S, Z) , H a (S, S - E, Z) ~ 0 .  

By the i somorph i sm Hk(S, S - E, Z)  _~ H 4 - k ( E ,  Z), h is given by h (Mk) = -- [E]* 
HE(E, Z )  = Z [E]* for  any k. Hence  H a (S - E, Z)  - H I (S, Z) ~ Z by (2.14). 

Similarly H 2 ( S - Z , Z )  = Z [ E ] ,  H z ( S , Z )  = + Z [ M k ] ,  H 2 ( S , S - Z , Z )  
k = l  n 

~- H E ( Z , Z )  = =(~Z[Zs]*,= Ha ( S -  Z , Z  ) ~- H~ ( S , Z ) @  Z [Z~]*. Q . E . D .  
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w Parabolic lnoue surfaces 

The purpose  o f  this section is to prove  the following 

(7.1) Theorem. Let S be a VII  o surface with an elliptic curve and a cycle of  rational 
curves. Then S is isomorphic to a parabolic Inoue surface S(t ,  n), n -= b2(S). 

(7.2) Let  S be a VII  o surface with an elliptic curve E with E 2 = - n, and a cycle Z 
o f  ra t ional  curves. Then  S has no meromorph ic  functions except constants ,  and 
K s + E + Z =  O, b 2 =  n,  Z 2 =  0, EZ = 0 by (2.8), (2.12), (6.11). By (2.5) the line 
bundle [Z] is flat. Hence we can choose an open covering Uj o f  S, equat ions wj = 0 
defining Z c~ Uj such that  wj = fak Wk, fik ~ C*, and  the one cocycle fjk represents [Z]. 
Then we define a m e r o m o r p h i c  l fo rm ~0 on S by ~o = wj-ldwi (on Uj). Since 
E Z  = 0, q~ is ho lomorph ic  on a ne ighborhood  on E. 

(7.3) Lemma.  The restriction (PE of  qo to E is a nontrivial holomorphic l form on E. 

Proof By the same a rgument  as in (2.14), we can show that  i . :  H t ( E , Z )  
-+ H 1 (S, Z) is surjective. I f  the restriction ~0 E is zero, then we have for any 

~ H 1 (E, Z) 

i, (~) ~, 

Therefore exp ( ! ~o) is a nontrivial holomorphic function of  p (p e S)  where o is a 

point  o f  S -  Z. I t  is a contradict ion.  Q .E .D .  

(7.4) By (5.11) ~zl (S) ~ Z. Let  re: g--* S be the universal  covering o f  S. Let  7 be a 
genera tor  of  ~ 1 (S) which corresponds  natural ly to a t r ans format ion  g of  S. Let  W 

= W(p)  = exp . Then  W is a single-valued ho lomorph ic  function on S and 

satisfies g* W = fl W for  a constant/3 ( 4= 0). I f  I/3 ] = 1, then [ W I is a C o~ function on 
S satisfying the m a x i m u m  principle. Since S is compact ,  this implies that  W is 
cons tant  which is a contradict ion.  Therefore  I/31 * 1. We m a y  assume I/31 < 1 by 
taking g - 1  instead o f  g if necessary. Since K +  E +  Z = 0, there exists a 
meromorph ic  2-form tg with poles along E + Z, i.e. (qJ) = - E - Z. We  may  assume 
ReseqJ ( =  the residue o f  q~ along E) = cpe. Moreover  via the natural  i somorphism 
f2~(Z) ~ O s ( K s + Z  ) ~ - O s ( - E  ) induced by the nondegenera te  pairings 
f2~ (E) x ~ (Z)  --, ~2 2 (E  + Z)  = (gs ~ ---- (gs, and f2~ (E) x 0 s ( - E)  -~ C)s, we 
have a ho lomorph ic  vector  field 0 (4= 0) on S with 0 (qJ) = q). 

(7.5) Lemma.  We can choose an open covering U~(j e J) o f  an open neighborhood U 
of  E such that E c~ U~: xj = O, ~o = ws ~ = x~-l wT ~ dwj ^ dwj, 0 = xjO/Oxj on 
U~ where xj and wj(=  Wlvj) are parameters on Uj. 

Proof We choose a coordinate  covering Uj (j e J )  o f  a ne ighborhood  U of  E with 
paramete rs  zj and  wa(= Ww. ). Indeed wj is always par t  o f  pa ramete r s  on a small 
ne ighborhood  U in view of  17.3). We express first q, -- f~ (zj, wj) z7 ~ w7 ~ dzj ^ dwj. 
Then f~ is by the choice o f  ~u a ho lomorph ic  function on Uj such that  Jj(0, wj) = 1. 
Then by  a solution & o f  a differential equat ion Ogj/azj = z 7 ~ (fj(zj,  wfl - 1), we 
define xj = zj exp (&). Then  xj and  w~ is a coordinate  system on U~ by shrinking Uj if  
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necessary, and ~u = x f l w f l d x j ^  dwj. Then by definition 8 = xjO/Oxj on 
Uj. Q.E.D.  

(7.6) Lemma. The set o f  zeroes o f  the vectar fi'eld 8 is the union o r E  and singular 
points o f  Z. Moreover indexp 0 = I f o r  any singular point p o f  Z. 

Proo f  We denote by Zero (a) the set of  zeroes of  a vector field a. At a nonsingular 
point p of  Z we have parameters x and w ( =  Wiv ) and write ~0 = w - ~ d w ,  
~u = f ( x ,  w) w -  x dx  ^ dw where f is a nonvanishing holomorphic function on U, a 
neighborhood of p. Then 8 = f ( x ,  w ) -  1 O/Ox by definition. Hence in particular 8 
does not vanish at p. At a singular point p, we can write W = xy,  ~o = x -  l dx  
+ y -  1 dy, gt = f x -  1 y -  x dx ^ dy and 0 = f -  1 (xO/c~x - yQ/@), with parameters x 
and y at p where f i s  a nonvanishing holomorphic function. Hence Zero (0) contains 
Sing (Z). In view of  (6.11) and (7.5) Zero (0) = E w Sing (Z) w {Pl, " " ,  PN}, where 
p~ is an isolated zero of  0. Since E is a nonsingular elliptic curve and the local 
structure near E is isomorphic to that of  the zero section of the normal bundle of  
E in S, we can find a differentiable vector field 0' on a small neighborhood U of E 
such that the one parameter  group associated to 0' induces nontrivial translations 
of  E. This means that 8' = a 10/Ou 1 + a30/Ovl + a4~/~v2, where zj = log wj, u 1 = a 
linear combination of  Re zj and Imzi ,  va = Rexj., v 2 = I m x j ,  and a~f E = a non- 
vanishing function on E. So we let 0 " =  8 + hO' with a differentiable function h 
with support in U, h -- 1 on U', U' being an open set with U' = U. Then Zero (8") 
= (Zero (h) c~ Zero (0) c~ U) w (Zero (0) ~ (S - U')) = Sing (Z) w {Pl, " " ,  Pu }, 
hence Zero (0") is isolated. Now we can apply a theorem of  Hopf.  We infer that 

the Euler number  z(S)  of  S is equal to ~ indexp(8") > n because indexp 
p E Zero (0") 

(0") = indexp(0) > 1 for an isolated zero point p. In view of (6.11) z(S)  = n 
whence N = 0, Zero(8)  = E w S i n g ( Z ) ,  indexp(0) = 1 for any 
p e Sing (Z). Q.E.D. 

(7.7) Lemma. There exist  coj e F ( U j ,  f21s ( l o g ( E +  Z))  such that 

= o)j ^ (o, &oj = O, o~j = o) k + Cjk ~0, Cjk ~ H 1 (S, C) 

f o r  an open covering {Uj} o f  S. 

P r o o f  Let O =  O ~ ( l o g ( E + Z ) ) .  First we shall show that there exists 
coj (e F (Uj, ~)) such that ~u = o)j ^ ~0. I f  Uj is contained in S -  Z, then wj ( =  the 
restriction of  W to Uj) is part  o f  local parameters in view of(7.6) and its proof. Since 
(~u) = - E - Z and wj is nonvanishing on S - Z, we can write ~u = coj ^ w f  1 dwj 
where o~j is a meromorphic  1 form with logarithmic poles along E c~ Uj. At a 
nonsingular point of  Z, wj ( =  W~v ) is a defining equation of  Z, so that w i is part 
of  local parameters. Therefore ti{ere exists a holomorphic 1 form ~oj such that 

= oo~ ̂  w f  ~ dwj. Finally we consider the problem at a singular point p of  Z. Let 
Uj be an open ball with parameters x and y with p: (x, y) = (0, 0), W = xy. We can 
write 

~ = f ( x ,  y ) x - l  y - a  dx  A dy, q) = x - l  dx + y - ~  dy 

with a nonvanishing holomorphic function f o n  Uj. Then mj = (1/2) f ( x ,  y) ( x -  1 dx 
- y -  ~ dy) satisfies ~u = coj ^ ~o. By the above choice ~o~ is in F (Uj, s On Uj c~ Uk we 
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have ~o~ = ~o k + gjk q)" Since ~j is in F (U~, f2), gjk is a one cocycle in H 1 (S, (gs). By 
choosing a finer covering of  Uj if  necessary, we have holomorphic functions g~. and a 
one cocycle cjk in H 1 (S, C) such that 

gjk = --gj + gk + Cjk, O~j + gjq~ = ~0 k + (gk + Cjk) q~. 

Let o~* = ~o~ + gjq~. Then d~* = &off is a meromorphic 2 form with poles along 
E + Z .  Since K +  [ E +  Z]  = 0, d~o* is a constant multiple of  ~u, do~* = cq~. We 
shall show c = 0. On a neighborhood U of a point p of  E we can express 
~ u = x - t w - l d x A d w  with suitable coordinates x and w=W~u.  Then 
~o* = x -  t dx + h (x, w) w -  ~ dw for a holomorphic function h on U. Since 
do~* = h x (x, w) w -  1 dx A dw, we have h~ (x, w) = c/x which shows c = 0. Q.E.D.  

(7.8) Lemma.  n I ( S -  E) = nl (S) ~ Z. 

P r o o f  Let n: 5 ~ D  be a one-parameter family in (5.11). Then it is clear that 
nl ( ~ -  ~)  -~ nl (SPo - go) = nl ( S -  E). Since ~ is a primary H o p f  surface 
blown-up with centers on the image (gOt of  gt, the natural homomorphism n~ 
(a pr imary H o p f  surface - ( g l  ),) ~ n l (5~t- <)  is onto. Hence n~ ( ~ -  <)  is abelian, 
therefore h i ( S - E )  is abelian. In view of  (6.17) h i ( S - E )  ~ H I ( S - E , Z  ) 
~ H I ( S , Z ) ( _ ~ n ~ ( S ) )  = Z .  Q.E.D.  

(7.9) Lemma. There exist a single-valued holomorphic function W and a single- 
valued meromorphic function X on S, holomorphic at n -1  ( E), such that 

g * W =  f lW,  g * X = W " X ,  

= a constant multiple o f  X -  1 W - a d X  A dW, ~p = W - 1 dW. 

Proof. Number  the irreducible components 2~ of  n -  ~ (Z) consecutively so that 
g (Z~) = Z~ +, (2 ~ Z). In view of(7.7) there exist meromorphic 1 forms ~o~ on U~ with 
logarithmic poles along E +  Z such that ~ = ~oj A ~0, d~o~ = 0, ~j = co~ + cj~<p, 
{Cjk} ~H~(S,C) .  Therefore we have an open covering {U~} of S with n-a(U~) 

= [.] U~, g (U~) = U~+ 1 and c~z s C such that C~k = -- C~ + Ck~ for U~z c~ Uk~ * 4>. 
2 ~ Z  

Therefore ~o:=n*o~+c~n*~o is a d-closed meromorphic 1-form on S with 
logarithmic poles along n -  ~ (E + Z). Since K +  [E + Z]  restricts to the dualising 
sheaf mz of Z (---~z) Reszq~ is a nonzero multiple of  a generator ~o o of  H ~ (Z, ~oz) 
with Respm 0 = + 1 for any singular point p of Z, say, Reszq~ = ~o o/a. Let Pk be the 
intersection point of 2~ and Zk+ ~ . Then we may suppose the Res,~(o~o)g~ = + ~, 
Res,~(COo)z~+~ = - 1  for any k. Writing ~u = f ( x , y ) x - l y - t d x  A dy on a neigh- 
borhood VOfpk , we have a -~ = f (0 ,0 )  by the proof  of  (7.7). Let ~ = a~u, o5 = am, 

~o(k)=os-(Res2os)n*~p, W= exp( !n*~ p) ,  Xk = e x p ( ?  o~(k)) , Y~ = X~-+~(k~Z), 

X = X o where o is a point of  S -  n -  a ( E +  Z). Then we have Resz~+~ O5 - Resz O5 
= afResz~+ ~o - Res~ ~)  = af(O,O) = 1. Hence XkYk = I41. Since X~ and Yk 
are singlevalued meromorphic  on neighborhoods of Zk and 2"( k + t respectively, they 
are meromorphic on the union of  the neighborhoods. Repeating this argument, it can 
be shown that Xk and Yk are singlevalued meromorphic  on a neighborhood of 
n -  ~ (Z). Hence X k and Yk a r e  (possibly multivalued) meromorphic  on S - n -  ~ (E). 
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In view o f  (7.8), 7z 1 ( S -  E) _~ rq (S) -~ Z, hence ~z~ ( S -  7z- ~ (E)) = {I }. It follows 
that Xk and Yk are singlevalued meromorphic  on S -  n -  a (E). We have X k = w - k x ,  
Yk = Wk  + I X - ~, X_  ,, = W "  X.  Next  we shall show that 

In fact, 

g * X = c W " X ,  c = e x p  co(0 . 

g * X = e x p  co(0 = c . e x p  (0 = c - e x p  g ' c o ( 0  
\ g  " O 

= c"  exp ~+ a - cja) re* ex co . 

H e n c e g * X  = c W " - " X _ , ,  m = c~a + 1 - cjz. B o t h g * X a n d X _ . a r e n o n v a n i s h i n g a t  
a generic point  o f  Z _ ,  so that  n = m and g * X  = c W " X .  By multiplying W by c 1/", 
we have g* W = W" X. On a sufficiently small open ne ighborhood  U = U Uj o f  E, ~u 

J 
= x 7 1 W - l d x ~ ^ d W ,  q ~ = W - l d W  by (7.5). Since U is isomorphic to a 
ne ighborhood  o f  the zero section o f  the normal  bundle Ne/s of  E, we have 
projections p of  U onto  E and/~ o f  n -~ (U) onto  ~ -  1 (E) with =/~ = pro. We may  
suppose that  V i = p (U j), U~ = p -  ~ (Vj), { V~} is a covering of  E. E ~ U i is defined by xj 
= 0 in U~ and there exist f~k (W)  e H ~ (V/~ Vk, O~) such that xa = p*fj~ (W) xk. Since 
n* [E]E is trivial, we have a covering Via(2 e Z) o f  n -1 (Vj) and a nonvanishing 
ho lomorphic  function f~z on V~z such that  r~*fj, = fj21 fkv. We define u = xfi~*fj~. 
Then u is a ho lomorphic  funct ion on ~ -  1 (U) and we have ~ = u -  1 W -  1 du ^ dW, 
X -  1 dJ( = au -  1 du + h (u, W )  d W o n  n -  ~ (U - E) for some h. It  follows that h (u, W) 
is independent  o f  u, so we may  write h (u, W) = h (W). So X = u" exp (~h (W) dW). 
So by defining v = u �9 exp (~h (W)  dW/a),  we have X = v ~ Since Xis singlevalued on 

- 1 (S - E), a is an integer. Since g* v = W "/~ v, v is a defining equat ion o f  re- ~ (E) in 
S, and g ' W =  flW, 0 < 1/~1 < 1, we infer that  a is a positive integer. Thus X is 
ho lomorph ic  at rt - 1 (E) and (t = a ~t = x -  ~ w -  t d X  ^ d W .  Q . E . D .  

(7.10) N o w  we are in a posit ion to prove that  S is isomorphic to aparabolic Inoue 
surface S(f l ,  n), n = b2(S). 

Proo f  We keep the same notat ions g,( t) ,  Y" etc. as in w Let X k : = W - k x ,  

Y k : = W X [ I  = X k + t I ' U k : = S - - n - I ( E )  w (  U~,k,k+x 2~) ' V : = ~ - r ~ - l ( Z ) w h e r e X i s  

the meromorphic  function in (7.9). Then Xk and Yk are singlevalued on Uk by (7.9). 
Moreover  they are holomorphic on Uk. Indeed, in view o f  (7.9), X k and Yk are 
ho lomorphic  on S - r C I ( E w Z ) ,  Reszkco(k )=  0 so that  Xk is nonvanishing 
ho lomorph ic  at Z~ - 2~ +A w ;~-~-1. Hence Yk is ho lomorphic  there. Since Xk+~ is 
nonvanishing at Zk +1 -- Zk W Zk + z, Xk = WXk + ~ and Yk = Xk+~ are ho lomorphic  
there. Therefore X~ and Yk are ho lomorphic  on a ne ighborhood  ofpk  = Zk " Zk + ~, 
hence on U s by a theorem o f  Hartogs.  On the other hand  X = X 0 is ho lomorph ic  on 
V by (7.9). We define a mapping  o f  S into Y by 

f(u ) %, 
f * X k  = Xk,  f * Y k  = rk, f * w  = W,  f * x  = X .  



On Surfaces of Class VII 0 with Curves 429 

F r o m  the above  considerat ion jTis holomorphic .  Moreove r  J~- g = g,( f l l /")o 
whence we have a ho lomorph ic  m a p p i n g f o f S  into S(/3, n). It  is evident tha t  f i s  o f  
maximal  rank  on a ne ighborhood  of  Z. Since f *  ( x -  1 W- 1 dx A dw) = ~1, f is o f  

maximal  rank on S - E w Z. Since f is proper ,  f is surjective. Since f is bijective on 
Z, d e g f  is equal to one. Consequent ly  f is an i somorphism o f  S onto  
S(fl ,  n). Q.E .D .  

This completes  the first p r o o f  o f  (7.1). 

(7.11) Lemma.  Let S be a VII  o surface with two cycles A and B o f  rational curves. 
Then n 1 (S) ~- rq (S - A) ~- rc 1 (S - B) "~ Z. 

Proo f  By (4.8) there exists a one -pa ramete r  smooth  proper  family n: 5 e ~  D with 
two divisors~r and ~ flat over D such that  ( ~ d ,  ~ ) o  ~ (S, A, B ) , d t  is a smooth  
elliptic curve for  t 4= 0, and ~ t  --- B for any  t. Then in view of(7.1)  ~ i s  a b lown-up 
parabol ic  Inoue  surface, M~ is a p roper  t rans form o f  a cycle of  rat ional  curves. In 
view of  (1.1) any parabol ic  Inoue  surface minus a cycle of  rat ional  curves has a 
commuta t ive  fundamenta l  g roup  Z 2. Therefore  we have a natural  h o m o m o r p h i s m  
o f  Z 2 on to  /~1 ( '~t--  ~ t )"  Therefore  nl ( S -  B) --- n I ( ~ -  ~ t )  is abelian. Hence 
rc~ (S - B) --- H~ (S - B, Z)  - H 1 (S, Z) ~ n~ (S) ~ Z by (6.10). Similarly zq (S - A) 
_~ nl (S ) - z .  Q.E .D .  

(7.12) Adderndum. Here we shall give another  p r o o f  of(7.1)  by applying [2]. Let S 
be a VII  o surface with an elliptic curve E and a cycle Z o f  rat ional  curves. Then by 
(2.12) we have Z 2 = 0. Hence  by the main  theorem o f  [2] S is i somorphic  to S., 0,t for 
some n,/3 and t where n = - E 2, 0 < I j~ I < l, t = ( t l ,  " " ,  t,) e C". (See [2] for the 
definit ion ofS, ,  a,t-) In  view of  [2, Prop.  7.1 ] S - Z is an affine C-bundle  A,, p,, over  
an elliptic curve E ' .  The  curve E '  is defined as follows. Let  S be the universal  
covering o f  S, g a t r ans fo rmat ion  o f  Swhich  corresponds  to a generator  o f n  1 (S), W 
the function on 57 defined in (7.4). There is a cons tan t /3  such that  g * W - - / 3 W ,  
0 < I/3 1 < 1, by taking g -  1 instead o f g  if necessary. Then E '  is a quotient  o f  C* by 
the mult ipl icat ion by/L Let  2; be a natural  compact i f ica t ion ofA, ,  a,t as a Pt  bundle  
over  E ' .  Let  F be a fiber o f  it, F the curve 2; - A , . a , t ( ~ E '  ). By [2, Prop.  7.1] 
F 2 = n. Since E Z  = 0 and S - Z is (viewed as) an open subset o f  2;, E is  a curve on 2;. 
Since H2(22, Z ) is generated by F and F, we write E =  aF + bF. By E Z =  - n ,  
E F  = O, E F  > O, we have a = 1, b = - n. This shows tha t  E is a section of  the Pt  
bundle,  hence o f  the bundle A,, a,t, and E '  is i somorphic  to E. So t~ = -.. = t, = 0, 
S is i somorphic  to S., a, 0. By definition S,, ~, 0 is a parabol ic  Inoue  surface S (/3, n). 
This completes  the second p r o o f  of  (7.1). Q . E . D .  

w Hyperbolic Inoue surfaces 

The purpose  o f  this section is to prove  the following 

(8.1) Theorem. Let  S be a VIIo surface with two cycles o f  rational curves. Then S is 
isomorphic to a hyperbolic Inoue surface S~  1. 

(8.2) Let  S be a VIIo surface with two cycles A and B o f  rat ional  curves. Then in 
view of(5 .4)  and  (2.15) n l ( S  ) ~ H1 (S ,Z)  ~ H I ( A , Z  ) ~ H  1 (B,Z) .  Le tn :  S ~ S b e  
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the universal covering of S. Then n -  1 (A) and n -  1 (B) consist of  infinite chains C 
and D of nonsingular rational curves with Ca Ca + 1 = D,D~ + 1 = 1, CA C~ = D, D6 

= 0  ( 2 - v , p - 6 ~ a 0 , + l )  where C = Z C  a, D = ~ D , .  Let n a =  - C ~ ,  m~= - D  2. 
a~Z v~Z 

Let g be a covering transformation of n which generates H 1 (S, Z). We may 
assume that g(Ca)=  Ca_ ~, g(D~)= D~_~. Let A~mod~= n(Ca), B~mods: ~z(Dv) , 
A : n ( C ) ,  B = n ( D ) .  Then we have A ~ = - n a ( r > l ) ,  A g = - n o + 2 ( r = l ) ,  
BE = -- m~(s > 1) and Bo 2 = - m o + 2 (s = 1). In view of  (3.11) and (6.1) we have 
n(S)  = 2. Let F 1 and F 2 be fiat line bundles in N(S),  ma be a nonzero section of 
H ~ (S, Q~ (log (A + B)) (Fa)) (2 = 1,2). Then by the definition of  n: S ~ S, the pull 
backs ~* F 1 and n* F 2 are trivial on S. By fixing their trivializations, n* co 1 and n* co 2 
are naturally viewed as global sections of  fl} (log n*(A + B)) which we denote by 
~3~ and c~ 2 respectively. By the isomorphism H 1 (S, C*) ~ Horn (H1 (S, Z), C*), 
there corresponds a character Z of  H 1 (S, Z) to the line bundle F 1 . Then Z- ~ 
corresponds to F 2 by (3.8). Let a = z ( g ) .  Then we have g * & l = a ( o l ,  
g * ~ 2  = 0"-10~2 " 

(8.3) Lemma. Let U be a disc U:= {(xl,x2); Ix~{ <e}, D, a divisor defined by 
x u = O. Let co 1 and oo 2 be d-closed meromorphic l forms with logarithmicpoles along 
DI + D 2 with e)~ ^ 0512 =~ O. Assume moreover that the residues R~, = ResDc % are 
constants. Let  R = (R~,), and let (0)1 ^ 0)2) be the divisor defined by ~oa ^ 002. I f  
(o) 1 ^ o)2) = - D  1 - Da, then det R + 0 and we have a system y~ , Y2 of  parameters 
on U such that 

co~=R~xy~Xdy t + R~zyzady2,  Du:y " = 0 .  

Proof  By assumption we write oo~ = F~t x~l  dxl + F~2 x21dx2 for F~, holomor- 
phic so that ~o 1 ^ (i) 2 = det (F,,) x~ ~ x 2 1 dx 1 ̂  dxz. This shows det (F~,) + 0 hence 
det R + 0. Letting 

CO' v = R v t x ~ l d x l  + R v z x z l d x 2 ,  

we have d-closed holomorphic 1-forms o)~-  ~o'~ which we can write 

for holomorphic functions g~. Letting (R TM) be the inverse matrix of  R, y,  
= x~exp(R~tgl  + R'2ga), we have 

o ) ~ = R ~ l y ~ i d y l + R ~ z y ~ a d y 2  and D~:y~ = 0. Q.E.D.  

(8.4) Lemma. There exists a system x a and Ya of  parameters on an open 
neighborhood U a o f  Ca- 1 u Ca - CA + 1 - Ca- 2 such that 

Ca:xa=--O, C a _ l : y a  = 0 ,  

G) 1 = a a y ; l  dya + b a x ; l  dxa, (52 = cayiX dyx + dax; l  dxa 

where aa, ba, c a and d a are constants with aad a - bac k 4= O. 

Proof  Since ~o I and ~o 2 are meromorphic 1-forms on S with logarithmic poles, so 
are e51 and &z on g. Hence Rescue51 and Resc~ e52 are global sections of  (9c~ so that 
they are constants. By (2.8), we have (e51 ^ &2) = n*(~ol ^ e)2) = - n * ( A  + B) 
= - C - D .  Since C~ < 0, we have a Stein neighborhood U of  C a -  CA +1 with 
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p a r a m e t e r s  x a n d  y such tha t  C a ~ U:  x = 0, C a_ 1 c~ U :  y = 0. By (8.3) we h a v e  a 

sys tem x a and  Ya o f  p a r a m e t e r s  on  U such t h a t  

C ac~ U : x ~  = O, C a - l ~  U : y ~  = O, 

~ l  = a a y ~ l d Y z  + b a x ~ l d x a ,  (~)2 = c z y ~ l d y a  + d a x ~ l d x z  �9 

Since  C 2_ 1 < 0, there  exists  a Stein o p e n  n e i g h b o r h o o d  V o f  C a -  1 - C a -  2 wi th  

p a r a m e t e r s  u'  a n d  v'  such  tha t  Car~ V: u '  = 0, C a_ 1 r~ V: v'  = 0. By the  s a m e  p r o o f  
we  can  c o n s t r u c t  a sys tem u a n d  v o f  p a r a m e t e r s  on  V such tha t  

C j ~ V : u = O ,  C a _ l ~ V : v = O ,  

&l = aa v - i d v  + ba u - l d u ,  ~52 = ca v - l d v  + da u - l d u .  

C o n s e q u e n t l y  x a and  Yz a re  c o n s t a n t  mul t ip les  o f  u a n d  v respec t ive ly  so tha t  they  
a re  h o l o m o r p h i c  on V. Le t t i ng  Ua = U u V, we  h a v e  o u r  l e m m a .  Q . E . D .  

(8.5) L e m m a .  There exis ts  a sys tem z~ and w v o f  parameters  on a neighborhood Vv 

o f  D v u D , _  a - D~+ 1 - D ~ _  2 such that 

D,  : z~ = O, D , _  l : w~ = O, 

c3 i . -a dw~ + bv z~ t dz~, ~2 c~ = a v w ~  * - = * w ~ l d w ~ + & z T l d z ~ .  

The  p r o o f  is the s a m e  as in (8.4). 

(8.6) L e m m a .  By modi fy ing by constant multiples, we have 

xa + 1 = Y~ 1, Ya + 1 = xa Y"2, 

Zv+ 1 ~ Wv 1, Wv+ 1 = ZvW~nv~. 

Moreover  aad a - b~ca = aodo - boco 4= 0, a ,  d~ - b~ c~ = a o d  ~ - boc  o 4= 0 f o r  
any 2 and  v. 

P r o o f  I t  suffices to p r o v e  the  asse r t ion  a b o u t  x a and  Ya. By (8.4) 

- 1  - 1  (31 = a a y ~ l d y a +  b a x ; l d x a  a a + l y i + l d y a + l  + = b a + l X a + l d X a +  1 , 

(5 z = c z y ; l d y a  + d a x ; l d x a  = ca+iy;+l ldya+l  + da+lx-~+lldxi+l .  

W e  h a v e  Rescae51 = a a + l  = ha, Resc~eSz = ca+ l  = da. T h e r e f o r e  

(aa da - ba ca) yz- 1 dy a = _ (az + 1 da + 1 - ba +, cz + 1) x;+ a 1 dxa + 1. 

C o n s e q u e n t l y  by  m o d i f y i n g  by c o n s t a n t  mul t ip les ,  we  infer  

xa + 1 = Y~, Yi+ 1 = xa y~ 

for  s o m e  c o n s t a n t s  a a n d  b. S ince  U a ~ Ua+ ~ cons t a ins  a n e i g h b o r h o o d  o f  Ca 

- C a -  ~ w Ca + 1, we c a n  c o n t i n u e  Ya ana ly t i ca l ly  a long  a p a t h  go ing  o n c e  a r o u n d  
C a -  1. By  this ana ly t i c  c o n t i n u a t i o n  o f y a ,  we h a v e  the s a m e  re la t ions  a m o n g  xa ,  Ya, 

xa+ ~ a n d  ya+ a . T h e r e f o r e  a = ___ 1 and  b is an integer .  I f a  = 1, t hen  dxa+ i = dya i s  a 
n o n t r i v i a l  h o l o m o r p h i c  1 - fo rm on  C a wh ich  c o n t r a d i c t s  tha t  C a is a r a t i ona l  curve .  

C o n s e q u e n t l y  a = - 1. I t  is easy to  see t h a t  b = - C 2 = n a . F r o m  a = - 1 it fo l lows  

t h a t a a d z - b a c a = a a + i d a +  1 -  b i + i c z +  1 4 : 0 ,  Q . E . D .  
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(8.7) 

(8.7.1) 

So we define 

Let p = aod o - boeo, p * =  aod~) - boc o . Then by (8.6) we have 

y ~ d y  a = p -  1 (d) o~1 - b , t C o z ) ,  x[~dxz  = p -  1 ( - -  CZCO 1 -k- aZCO2) , 

w~ldw~ = p*-  ~ (d* CO 1 - b* CO2), z~-adz~ = p * - ~ ( -  c~* o9~ 1 + a~*o52). 

Yx = Y~(P) = exp p -1  (dxco~-baco2 , 

X~ = X~(P)  = exp ( p -  ~ i ( -cxcoa + axd92)) 

(8.7.2) ,) , - 1  ~ , 

Z v Z~(P) = e x p  - c * c o l + a v o )  2 

where o is the base point, o and P �9 S -  C -  D. 

It  is clear from definition that 

Cot = a;tYa-ldY,~ + b z X [ l d X ~  = 6tv~* W--  1 " / r l r v  t.~l"u + b*Z-ldT"v v ---v, 
(8.7.3) 

CO2 ---- cayz-l  dVz q- daX[~ dXz --- c*W~-~ dWv q- d* Z~-~ dZ,, �9 

(8.8) Lemma. Xa, Y~, Z ,  and W~ are single-valued meromorphic functions on 
related by, 

X),+ 1 = Y~- 1 , Y), + 1 = ~l~ Y~ z , 

Z v + l =  Wv - 1 ,  Wv+l= ZvW my, 

Wo = Y~)XYo, Zo = YgX~ 

where e, f ,  g and h are integers with eh - f g  = 4- 1. 

Proof. By (7.11), we have ~z 1 (S - B) -~ 7~ a (S) -- H 1 (S, Z). Hence S -  D is simply 
connected. Since O- ~ (d~c51 - b~COz) and Q-~ ( -  czco 1 + aaco2) have integral 
residues along C by (8.6), X z and Yz are therefore single-valued holomorphic on 
S - C - D ,  meromorphic  on S - D .  Similarly Z~ and W~ are single-valued and 
meromorphic  on S -  C. Comparing two expressions of  051 and (52 in terms of  
Xo, Yo, Zo and Wo, and modifying 2(o and Yo by constant multiples, we have 

Wo = Y~) XIo , Zo = Y~ X~ 

where e,f ,  g and h are integers. It  is also possible to express X o and Yo in terms o f Z  o 
and W o so that eh - f g  = 4- 1. Q .E .D .  

(8.9) Let 
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I t  is easy to check by using (2.12) that  TrN  > 2, TrN* > 2. F r o m  g(C D = Cz_r, 
g (Dr) = Dv_s it follows that  g* X~ = X~ +r, g* Y~ = Y~ +,, g* Z v = Z~ +~ and g* W~ 
= W~ +.~ up to constant  multiples. Therefore  there exist constants  ~ and/~  such that  

Since Tr  N > 2, we can choose constants  Ao and Bo satisfying 

Aao- t Bbo = A ,  ACo B~-  I = B .  

Then by replacing Yo and Xo by A o Yo and BoXo, we have 

g*ro = rg ~ ,  g* Xo = r~ x g  . 

Defining X~, Yz, Z~ and W~ by the relations in (8.8) again we obta in  the following 

(8.10) Lemma.  There exist single-valued meromorphic functions on S, Xa, Y~, Z~ 
and W~ such that the relations (8.7.3) and  (8.8) hold and 

g* ro = Y~ X~, g* X o = Y~ Xg 

g* Wo = W~* b* = Zo , g* Zo W()* Z~* . 

(8.11) Let ~ ( >  1) and ~' ( =  the conjugate of  c~ over  Q) be the eigenvalues o f  N. 
Since B N =  N ' B ,  they are also eigenvalues o f  N*. Let  (co, 1) and (co*,l)  be 
eigenvectors o f  N and N* such that  

(co, 1) N = cz (co, 1), (co*, 1) N*  = a (co*, 1). 

Therefore  (co*, 1) BN = (co*, 1) N* B = ~ (co*, 1) B, that  is, (co*, 1) B is an eigenvec- 
tor  o f  N so tha t  there exists fl such that  

(o~*, 1)B = 3(co, 1). 

Equivalently eco* + g =/~co, fco* + h = 3.  
This implies tha t  

~o~ = co*Wo~ dWo + Zo* dZ o = fl(co Yot  dYo + Xo* dXo) , 
(8.11.1) 

~9 2 = (09")' W O- 1 d W  0 2r" Z o  1 d Z  ~ = 3'  (co' Y o  ~ dYo + X o  t dXo) 

are eigenvectors o f  g*. The  t r ans fo rmat ion  g induces a linear t r ans fo rmat ion  g* of  
V = C ]To 1 dy  ~ + C X  ~ 1 dXo. Then  o51 and  ~2 are eigenvectors of  g* so that  they are 
cons tant  multiples o f  q)~ and q~2- We may  assume that  

(See (8.2) for the 

(8.12) 

Proof 

~01 = 0~1, ~ 0 2 :  (D2, ~ = G, (xt ~ 0 " - l .  

definition of  a.) 

Lemma.  /33' < 0, det B = - 1. 

Deno t ing  t = Tr  N = Tr  N*,  we have 

= ( t +  1//t~L4- 4)/2, co = c ( ~ - a )  -1,  co*=  c * ( ~ - a * )  -1 ,  

co - co' = b -1 ] / t  2 - 4 ,  co* - co*' = b* -1 ]//t--TL~_ 4.  

I t  is easy to check that  b, b* > 0. Hence  m - c o ' >  0, co* - co*' > 0. By (8.11) det 
B = (co* - co* ' ) -  1 (co _ co,) /~, .  So if we prove/3/~' < 0, then det B = - 1 by (8.8). 
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Let  

p - - -P (P )=IY~ 'Xo l ,  q = q ( P ) = l Y Y ' X o l ,  

r = r(P) = I W ~ * Z  o [, s = s(P) = I W~o*'Zo I. 

By (8.11) pO = r, qa'= s, g*p = p ' ,  g*q = r  g*r = r ~, g*s = s ~'. Then  p and  q 
(resp. r and s) are cont inuous  on 5 -  D (resp. 5 -  C) (cf. [6, p. 96, 97]). We shall 
derive a contradict ion by assuming tiff' > 0. First we assume that  fl > 0, fl' > 0. 
Then we have 

p ( e )  < 1 iff r (P )  < 1, 

q ( P ) < l  iff s ( e ) < l .  

Clearly p (P) < 1 iff g*p (P) = p (g (P)) < 1, etc. We  define g invariant  closed 
subsets Sk (k = 1,2, 3, 4) o f  5 by 

S 1 = {P e S; p (P) >= 1, q (P)  => 1} w {P E S; r (P)  > 1, s (P)  >__ 1 }, 

$2 = {P + S; p (P) > l ,  

$3 = { P e 5 ; p ( P )  < 1, 

S4 = { P e 5 ; p ( P ) <  1, 

q(P) <= 1} u { P 6 5 ;  r(P) > 1, s(P) < 1}, 

q(P) >= 1} w { P 6 5 ;  r(P) < 1, s(P) > 1}, 

q(P) <= 1} u { P ~ S ;  r(P) < 1, s(P) < 1}. 

Since they are  g- invariant ,  their images fiR = n (Sk) are dosed  subsets o f  S. It  is clear 
tha t  S-4 contains  A + B, hence ~-o is not  empty.  We shall show that  ~k is empty  
(k = 1,2, 3) where ~kk denotes the interior o f  ffk. 

Le t  
X + iY = (co log Yo + logXo)/2ni,  

U + iV = (co'log Yo + l~ Xo)/@ ni  

where X, Y, U and V are real. It follows that 

X =  (colog Yo Yo 1 + logXoXol ) /4n i ,  

Y = - ( ~ l o g  YoYo + logXoXo)/4n, 

U = (co'log YoYo I + logXoXol ) /4n i ,  

V = - (co'log Yo 70 + log XoXo)/4n. 

Y and V are single-valued on S -  C -  D. Define O = - YdX A dU AdV. Then 
g* O = O so tha t  it defines a C + 3-form on S - A - B. The f o r m  f2 is cont inuous  
(well-defined) on a ne ighborhood  o f  Sk (k = 1,2, 3). I f  Sk ~ is no t  empty,  then we 
have  by Stokes '  theorem 

O<Sdn= o = 0  
gk ~k {r=o}~{v=o} 

In  fact, dr2 is a volume f o r m  on S - A - B and t21r= 0 = O Iv= 0 = 0. Thus ~kk is empty,  
S = $4. Therefore  p ( P ) ~  1, q ( P ) ~  1. Since p and  q satisfy the m a x i m u m  
principle, we infer tha t  on 5 

p(P)  < 1, q(e )  < 1. 

Hence  0 < Y - l < o %  0 ~ V - l < o o .  Lett ing O ' = - Y - l d X A d U A d V - 1  we 
have  g* O'  = O '  and dO' = dX A d Y -  1 A dU A dV- 1 is a vo lume form on S. Again  
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by Stokes'  theorem, 

o< Sd '=  Q'=0 
S OS 

which is a contradiction.  
Next we consider the case where/3 < 0, /3 '  < 0. We define 

S,  = {p ~,~; p (P) > 1, q (P) > l } u {P c S; r (P) < 1, s (P) < 1 }, 

$2 = {p~g ;p (P)_->  1, q(P)  < 1} w { P ~ q ;  r (P)  < 1, s (P)  >= I} ,  

$3 = { P ~ g ; p ( P ) <  1, q (P)  > 1} u { P ~ q ;  r(P)  > 1, s (P)  ~ 1}, 

Sa = {P ~q;  p ( P )  < 1, q (P)  < 1} w {P ~S; r (P)  > 1, s (P)  > 1}, 

S~ = n (SR) , ~o = the interior o f  Sk. 

We define X, Y, U, V and f2 in the same way as before. Then the form f2 is 
cont inuous (well-defined) on a ne ighborhood  o f S  z and S-3 so by the same argument  
as before we infer that  ~2 and ~-o are empty. Clearly S~ and S-4 contain B and A 
respectively. Their boundaries  OS 1 and 0S- 4 are the same closed subset 
n (p - 1 (1) ~ q -  1 (1)), therefore o f  at mos t  dimension 2. Hence 0 S  l = OS-4 = qS, that 
is, S-1 and S--, determine topological  4 cycles with S 1 ~ $ 4  = ~b. This is a 
contradiction. Thus we have tiff' < 0, det B = - 1. Q .E .D .  

(8.13) Lemma. 

(8.13.1) 09 = [[no, n l ,  " - .  , n,_ 1 ]], (.D* ~ -  [[mo, m l , - . .  , m s_ 1 ]]. 

t t t (8.13.2) Let c o - l =  [ [ e , o , . . . , e t _ l , m o , . . . , m s , _ l ] ]  be the modified continued 
fraction expansion o f  co -1. Then (we may  assume) s = s', m~ = m~+lfor some l. 

Proof. By (8.11), co = c (c~-  a ) -1  and satisfies the equat ion 

bco 2 + ( d -  a) co - c = 0. 

Since co > co', co is the larger roo t  o f  it. Letting x = [[no, . . . ,  n~_ 1 ]], then we infer 
that.x > x'  ( =  the conjugate o f  x), bx 2 + (d - a) x - c = 0. Hence co = x. Similarly we 

have co* = [[mo, .-. , m s- 1]]. By (8.11) and (8.12) we have Z + Zco* = fl(Z + Zco) 
and tiff' < 0. Notice tha t  s m a y  not be the smallest period. I f  s' is the smallest 
period o f  the expansion of  69-1, then s'  divides s. So we may take s instead o f  s' in 
(8.13.2). The second assertion follows from [5] Proposi t ion 1.1. (iii). Q .E .D .  

(8.14) I f  fl < 0 and /3 '  > 0, then we define 

O* = (CO* ' )  - 1 6 = ( co ' )  - 1 ~ = ( ( c o * ) -  1 (_.O/3)t 

sz = X_z, t~ = Y-z,  u, = Z_v, v, = W_,,  

qq = 6*uo l  duo + vo l  dvo = rl (6sol  dso + to l  dto), 

~u 2 = (6*)' uoa duo + vo l  dvo = rf (b' so l  dso + to l  dto). 

We define C~ = C_ 4, D" = D_ ,  and an au tomorph i sm g '  o f  ~q by g '  = g -  1. Then 
we have g ' (C ,~)=  C~_ r, g ' (D ' )  D' = ' = ~-~, g'*~ul ~qJl, g '*qJz=~- l~u2 �9 Since 
r / >  0, 7' < 0, this is reduced to  the case where fl > 0, fl' < 0. So we may assume 
that fl > 0, fl' < 0. By (8.13.2) we may assume that  m~ = m'~ for any v by replacing 
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D~ by D~_ t . Let U + (co) be the group of totally positive units keeping Z + Zco 
invariant. Let % be the generator of  U+(co) with ~o > 1, and Bo = (r h ... r/t)/co. 
(See [5] p. 93.) Define the integral matrix B o by 

(co*, 1)B o = [3o (co, 1). 

By [5] p.93, f l0>0 ,  f l~<0 ,  d e t B o = - l .  By (8.11) and our assumption 
[3[301 ~ U § (co). Consequently [3 = [30 ~ for some l. Let r o and s o be the smallest 
period of  modified continued fraction expansion of  co and co* respectively. By 
replacing D~ by D~_~o, we may assume that [3 = [30. Since ~ belongs to U + (co) by 
(8.11), we have ~ = ~ ,  r = nro, s = nso for some n. 

(8.15) Now we are in a position to prove (8.1) Theorem. With the notations in w 
we define a mapping f of S into ~ by 

(xx, Ya, z~, w~) = (Xz, Y~, Z~, W~). 

Evidently f o g  = ~o o f Let 

s~ = {e ~ g; p (?) ____ 

s2 = { e ~ g ; p ( e )  >__ 

s3 = { ? ~ g ; p ( e )  <__ 

s ,  = { ? ~ g ; p ( e )  <= 

s-~ = ~(sk), ~ =  

1, q(P) > 1} w{P~S;  r(P) > 1, s(P) < 1}, 

1, q(P)  < l } w{P~S;  r(P) > 1, s(P) > 1}, 

1, q(e)  >= 1} u {? ~g; r (e)  <= 1, s(?)  < 1}, 

1, q(P) < 1} w{P~S;  r(P) < 1, s(P) > 1}, 

the interior of  S-k. 

Define X, Y, U, V and f2 as in (8.12). By the same argument as before we infer that 
go = ~zz = 4. Clearly S-3 and S-,~ contain B and A respectively. Therefore p (P) < 1 
and p is continuous on S by continuating by p = r 1/a on S -  C. By the maximum 
principle we have p (P) < 1. Consequently f~is a holomorphic mapping of 
into N with f-o g = ~o ~ jr.- Therefore f-induces a holomorphic mapping f of S 
into S~ "1. Since f is everywhere of maximal rank and proper, f is surjective. Since 
~((S) = r + s = n (r o + So) = Z (S~) "1) by (6.1) and (8.14), f i s  of  degree one, that is, an 
isomorphism of S onto S~ "1. Q.E.D. 

w Half Inoue surfaces 

(9.1) Theorem. Let S be a VII o surface with a cycle C of rational curves. Suppose 
that C 2 < O, and there exists a nontrivial f lat line bundle L on S with L c trivial. Then S 
is isomorphic to a half Inoue surface ~tz,+ 11 

Proof We keep the notations in w By (2.13.1) L is contained in K e r ( H  1 (S, C*) 
H 1 (C, C*)) ~ Ker (H ~ (S, C*) ~ H 1 (C, d~*)) and therefore it is of order two. Let 

S * =  Specan ((gs@L), f : S * ~ S  be the natural projection. Then f - ~ ( C )  is a 
disjoint union of two copies of  C. By (8.1) S* is a hyperbolic Inoue surface, b 2 (S*) 
= :~ (irreducible components of f -  1 (C)). Hence b2(S ) = :~ (irreducible com- 
ponents of  C). By (3.12) we have flat line bundles F and E such that L~ is trivial, 
N(S)  = {F, - F +  L'}. Since K e r ( H  1 (S, C*) ~ H 1 (C, C*)) is isomorphic to Z/2Z,  
we have L = E. Let a be a covering transformation o f f ,  ~ the universal covering of 
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S*, z a lifting o f  a to @. Let ~01 and qo z be nontrivial elements o f  
H ~ (S, Os ~ (log C) (F)) and H ~ (S, f2~ (log C) ( -  F +  L)) respectively, re, = f *  % ,  cb v 
the pull-back of  re~ to 9 .  Then (Pl ^ q~2 is contained in H ~  f2g(L)) so that 
~r* (o_ h ^ rez) = - COl ^ co2- Since rr*f* F* = f *  F, we have rr* o91 = 61 col, a* 0)2 
= 62re2 for some constants al and 6 2 . Since an infinite chain o f  rational curves on 
@ is t ransformed onto another  by z, we may assume z (Vo) c W o (see w Moreover  
the coordinates  xo, Yo, zo and w o are uniquely (up to constant  multiples) 
determined by the expressions o f  the form (8.11.1) in view o f  (8.3). We have 
therefore either 1) z*w o = c l y o ,  r*Zo = C2Xo or 2) r*w o = ClXo, z*z o = c2y  o . In 
the case 2), 

~1 ^ d)2 = (re* - re* ') Wo 1 Zo i dw ~ ^ dz ~ 

= - (re - re') Yo  1 Xo 1 dy ~ ^ dxo,  

"/5* ((J~l A (D2) = - -  (f.O* - -  (.2)* ' )  YO 1 XO 1 dYo A dxo.  

Since re* > re*', co > re', we have a* (re1 ^ re2) = re1 ^ c~ which is a contradiction. 
So the case 1) occurs. In view o f  (8.11.1) z * r b l = r e * y o l d y o + x o l d x o  

= 31 fl (reYo 1 dy ~ + Xo i dxo) ' hence we have 09 = re*, 61 fl = 1. Similarly 62// '  = 1, 
therefore 62 = 6'1. By (8.8) w o = y~oxYo, z o = ygxho. Therefore z*y o = yohxYo, Z*X o 
= ygXO e by modifying x o and Yo by constant  multiples. Hence we have (re, 1)B 
=/~ (re, 1). Since tiff' = 61 62 = - 1,/~ is an element o f  U(re) - U + (re). There exists 
an integer m such that fl = von2m+l for a generator  flo o f  U(re) and z = z 2"+1 (see 
(1.6)). On the other hand  7 h (S*) is generated by g, a t ransformat ion of  9 .  The 
t ransformat ion g is a multiple o f g  o , say, g = g~ = z~ t for some l. Thus the surface S 
is a quotient o f  ~ by a group G generated by Zo 21 and Zo z m + 1. However  r 2 is contained 
in {Z02Zk; k ~Z} which shows that l divides 2m + 1. Let 2m + 1 = lk. Then both 1 
and k are odd  integers so that G is generated by z~ ( =  r 2"+ 1), S is isomorphic to 
S^L 2"+lJ =~/{Z~oZ"+I'k'; k ' 6 Z } .  Q .E .D .  

(9.2) Theorem. Le t  S be a VII  o surface with a cycle C o f  rational curves with 
C 2 < O. Suppose  that S satisfies one o f  the fo l lowing  conditions. 

(9.2.1) There exists  a f l a t  line bundle L such that K s +  C = L. 

(9.2.2) b 2 = ~ (irreducible components  o f  C) .  

(9.2.3) C 2 = - b  2. 

(9.2.4) [ H ~ ( S , Z ) :  i , H ~ ( C , Z ) ]  +- 1. 

Then S is isomorphic to a h a l f  Inoue surface. 

Proof .  Assume (9.2.1). Then L is a nontrivial flat line bundle with L c trivial. 
Indeed, L c = ( K s +  C)c  ~- $ c ,  and if L is trivial, then h a (C, d)c) = 2 follows f rom 
the p r o o f  o f  (2.2.1) and (2.6), which is a contradict ion.  So L is nontrivial. Hence 
S is a hal f  Inoue  surface by (9.1). Assume (9.2.2). Then irreducible components  
C~ o f  C form a Q-basis o f H  2 (S, Q). Since ( K  s + C) Cx = 0 for any irreducible com- 
ponent  C~ o f  C, the line bundle K s + C is flat, namely,  we have (9.2.1). Hence 
S is a hal f  Inoue surface. Assume (9.2.3). Compute  ( K s + C )  2. We have 
0 > ( K s +  C)  z = ( K s +  C ) K  s = - b  z - C 2. Hence C 2 ~ - b  z . By the assumpt ion 
C 2 = - b  z , and K s +  C is flat by (2.5). Hence S is a hal f  Inoue surface. Assume 
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(9.2.4). F rom (2.13.1) it follows that  there exists a nontrivial flat line bundle L with 
L c trivial. Hence S is a ha l f  Inoue surface by (9.1). Q .E .D .  

(9.3) Theorem. L e t  S be a VII  o surface with a cycle C o f  rational curves. Then 
C 2 > - b  2 . Equal i ty  holds i f  and only i f S  is isomorphic to a h a l f l n o u e  surface. 

This follows f rom the p r o o f  o f  (9.2). 
Notice that  C z < 0 and equality holds if and only if S is an  "exceptional" 

compactif icat ion o f  an affine bundle over an elliptic curve (see [2]). 

w 10. Surfaces with elliptic curves 

(10.1) Theorem. Le t  S be a VII  o surface with no meromorphic  func t ions  except  
constants.  Suppose  that S has an elliptic curve but no cycles o f  rat ional  curves. Then S 
is isomorphic  to a H o p f  surface. 

Proof .  Assume first that  S has two elliptic curves. Then by (5.2) S is isomorphic to a 
H o p f  surface. Next consider the case where there exists only one elliptic curve E on 
S. Let F be an element o f  infinite order  in Ker  (H 1 (S, C*) -~ H 1 (E, (,9*)). W e  may 
assume H ~ (S, F) = 0 by taking - F instead of  F if H ~ (S, F) 4: 0. Consider  the 
exact sequence, 

0 ~ H ~ (S, F -  [El) --* H ~ (S, F) ~ H ~ (E, 0E) 

H 1 (S, F -  [E]) ~ H 1 (S, F) ~ H 1 (E, d~E) 

H 2 (S, F -  [E]) ~ H 2 (S, F) ~ 0. 

It follows H ~ (S, F -  [E]) = 0, • (S, F -  [E]) = 0. Therefore we have 

h ~ ( K  s + [E] - F) = h 2 (S, F -  [E]) = h I (S, F -  [E]) > h ~ (E, d)E) = i .  

Hence there exists an effective divisor C = ~ n  i C i (C i 4: E)  and an  integer r ( r  > O) 
such that  

K s + [E] - F---- [ C +  rE] .  

Since K s C i > O, Ci 2 ~ O, ( K  s + E) E = 0, E C  ~ O, we have 

( C  + rE)  z = ( K  s + E - F) ( C  + rE) = ( K  s + E) C >= O. 

But since L 2 < 0 for any line bundle L on S, we have ( C  + rE) 2 = 0, so that [C + rE] 

is flat in view of(2.5). I f  r > 0, then [E] is flat by (2.10) so that [C] is flat. Therefore 
if C 4 = 0, then Cred is either a smooth  elliptic curve or  a cycle o f  rational curves, 
which contradicts our  assumptions.  Hence C = 0, K s + [ E ] -  F =  [rE]. This 
shows cZl = 0. I f  r = 0, then C itself is flat. I f  C 4 = 0, then we have a contradiction 
again by the same argument .  Hence K s + [E] - F = 0. We shall show E 2 = 0. 
Assume the contrary.  Then, by (2.10) we have H ~ (S, F ' )  = 0 for any  flat line bundle 
F '  on  S. Consider the exact sequence; 

0 ~ H ~ (S, - K s - 2 [E]) --* H ~ (S, - K s - [E]) ~ H ~ (E, d~e) 

H ~ (S, - K s - 2 [E]) --* H ~ (S, - K s - [E]) ~ H ~ (E, OE) 

n 2 (S, - K s - 2 [E]) ~ H 2 (S, - K s - [E]) ~ 0. 
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Since H ~ (S, 2 F )  = H ~ (S, - F )  = 0, we have H ~ (S, - K s - [E]) = 0, hence H ~ 
(S, - Ks - 2 [E]) = H 2 (S, - K s  - 2 [E]) = 0. Since X (S, - K s - 2 [E]) = X (S, - K s 
- [E]) - z ( E ,  OE) = z (S ,  F)  - x(E,d~e) = 0, we have H ~ ( S ,  - K  s -  2[E])  = 0. 
However  h ~ (E, (,ge) = 1 which is absurd .  Therefore  E 2 = 0 so tha t  c~ = Ks 2 = ([E] 
- F)  2 = 0. Thus in any case we have b 2 = c~ = 0. Hence  by [12, I I ,  T he o re m 34], S 
is i somorph ic  to a H o p f  surface. Q . E . D .  

(10.2) Theorem. A n y  VII o surface with an elliptic curve is isomorphic to one o f  VII  o 
elliptic surfaces, H o p f  surfaces and parabolic  Inoue surfaces. 

P r o o f  Assume that  S has no m e r o m o r p h i c  funct ions except  constants .  I f  there is no 
cycle o f  ra t iona l  curves on S, then S is i somorph ic  to a H o p f  surface by  (10.1). I f  
there is a cycle o f  ra t iona l  curves,  then S is i somorphic  to  a pa rabo l i c  Inoue  surface 
by  (7.1). Q . E . D .  

(10.3) Table (of surfaces of class VII o with curves) 

Curves Surfaces 

1) (more than) 3 elliptic curves 
2) two elliptic curves 
3) an elliptic curve and no  cycles 
4) an  elliptic curve and a cycle 
5) two cycles 
6) a cycle C with C 2 = 0 and no 

elliptic curves 
7) a cycle C with C 2 < 0 

7.1) bz (S) = b2 (C) 
7.2) b 2 (S) > b z (C) 

8) no  elliptic curves, no  cycles 

elliptic VII  o surfaces 
Hopf surfaces 
Hopf surfaces 
parabolic Inoue surfaces 
hyperbolic Inoue surfaces 
exceptional compactifications 
with no elliptic curves 

half Inoue surfaces 
(examples exist) 
? 

The a b o v e  table is made  by  combin ing  the results o f  this ar t ic le  and [2, 12]. See 
(5.2), (7.1), (8.1), (9.2), (10.1). 1) a n d  2) a re  due to  K o d a i r a  [12] and  K a t o  
respectively.  4) is due  to Enok i  [2] and  the au tho r  independent ly .  6) is due to  [2]. 2), 
3), 4), 5) and  7.1) are  p roved  in this art icle.  See [19] for the  defini t ion of  except ional  
compact i f ica t ions .  

I t  is still u n k n o w n  whether  any  VII  o surface with curves has a cycle or  an  elliptic 
curve. 

w Surfaces with b 2 = 1 

(11.1) Lemma.  L e t  S be a V I I  o surface with b 2 = 1. Suppose  that  S has a curve C. 
Then C is an elliptic curve or a rational curve with a node. 

Proof .  Suppose  not.  Hence C is a nons ingular  ra t iona l  curve in view of  (2.2). Since 
c~ = - b z = - 1, K s is a Q-bas i s  o f H  2 (S, Q). So  we wr i te  C = m K s .  It  fol lows tha t  
m = 1 or - 2. I f  rn = 1, then  C is a n  except ional  curve  of  the  first k ind  which 
con t rad ic t s  the assumpt ion .  So  m = - 2. There exists a flat  line bundle  F s u c h  tha t  
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C = - 2 K  s + F. Since H 1 (S, C*) _~ C* + (torsions), we have flat line bundles G 
/ J  t x 

t at + is ofor er, :-- 
k,k = 0 / 

be the canonical projection. Then f *  C = - 2 K  s, + 2 f *  G because f *  F '  = 0. The 
curve f *  C is a disjoint union of /copies  of  C because Fb is trivial. Let S* = {(x, () 
- K  s , + f ' G :  g ( x ) = ( 2 }  where g( :#O)~H~ ' , - 2 K  s , + 2 f * G ) ,  ( g ) = f * C .  
Then S* is a VII o surface with bz(S* ) = 0. In fact bz(S* ) = ~((S*)= 27~(S') 

- z ( f *  C) = I ( 2 z ( S ) -  z(C))  = 0. However the inverse image of f *  C has 
negative selfintersection number, which contradicts b z (S*) = 0. Q.E.D.  

(11.2) Theorem. Any VII 0 surface with b 2 = 1 and at least one curve is isomorphic 
to one of  the following; 

hal f lnoue surface ~11, co = (3 + ]/5)/2. 
compactifications o f  affine bundles of  degree one over nonsingular elliptic curves 
by rational curves with nodes. 

Proof  Let S be a VII  0 surface with b z = 1, and at least one curve. I f S  contains an 
elliptic curve and no rational curves, then S is a H o p f  surface in view of  (10.1) which 
contradicts b z = 1. Hence S must contain a rational curve C. Then it must be a 
rational curve with a node in view of  (11.1). I f  C 2 = 0, then S is a compactification 
of  an affine bundle of  degree one over an elliptic curve by C by [2, Main Theorem]. 
If  C 2 < 0, then S is isomorphic to a half Inoue surface ~q~l for certain co and n. 
Since C 2 =  c~ = - b  2 = --1 in view of (9.3), the continued fraction expansion 

associated to C is [[3]], hence n = 1, co = (3 + 1/5)/2. Q.E.D.  

w Surfaces with antiplurieanonical divisors 

(12.1) Lemma. Let S be a VIIo surface with b 2 > O. Then plurigenera P,, = O. 

Proof  Suppose not. Then there exists an effective divisor D and a positive integer 
m such that D = m K  s. For  any irreducible curve E we have K s E _>_ 0. Hence 
D 2=mKsD>=O.By(2 .1 .2 )  D 2 = 0 , c ~ = K g = - b  z = 0 .  Q.E.D.  

(12.2) Lemma. Let  S be a VIIo surface with an elliptic curve. (S may have 
nonconstant meromorphic functions. ) Suppose that P,, = O for any positive integer m, 
any unramified Galois covering S' of  S is cyclic and H I ( S ' ,  Z )  ~ Z. Then S is a 
primary Hop f  surface or a parabolic Inoue surface. 

Proof  I f  S has no meromorphic  functions except constants, then S is a primary 
H o p f  surface or a parabolic Inoue surface by (7.1) and (5.2). I f  S has nonconstant 
meromorphic  functions then S is an elliptic VII o surface, hence in particular it has 
two elliptic curves. Therefore S is a primary H o p f  surface by (5.3). Q.E.D.  

(12.3) Theorem. Let S be a VII o surface with a cycle C of  rational curves. Suppose 
H 2 (S, Os ( -  log C)) = 0 and that there exists an irreducible divisor E with EC > O. 
Then there exists a smooth proper family ~ : 5 r D over the unit disc with a divisor cg 
flat over D such that 5r o = S, cgo = C, ~ ( t  4 = O) is a blown-up primary Hopf  surface or 
a blown-up parabolic Inoue surface, ~r (t 4 = O) is a nonsingular elliptic curve. 
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Proof  Consider the exact sequence (cf. (4.2).) 

0 --* 0 s ( -  log C) --. Os -~ Jc -~ O. 

We have an exact sequence, 

H 1 (S, Os ( - l o g  C)) ~ g 1 (S, Os) -~ H ~ (C, Jc) 

H 2 (S, 0 s ( - log C)) --. H 2 (& Os) ~ O. 

By the assumption we have H 2 (S, Os) = 0 and H 1 (S, Os) --* H 1 ( C, Jc) is surjective. 
This implies that the canonical restriction hom om orph i sm  H ~ (S, Os) --, H ~ (U, Or)  
for a strictly pseudoconvex open ne ighborhood U of  C is surjective by (4.3). This 
implies that  there exists a smooth  proper  family ~ : ~ - - .  D over the unit disc with a 
n-flat divisor c~ such that  5Co = S, cgo = C, cg t (t + 0) is a nonsingular  elliptic curve. 
Since P,,(S) = 0 for any positive integer m by (12.1), we have P,~(Sf) = 0 for any t. 
Since there exists an irreducible divisor E such that EC > 0, we have H~ (S, Z) 
= i ,  (H 1 (C, Z)) and H 1 (S', Z) = ( i ' ) ,  H 1 (C' ,  Z) for any unramified Galois 
covering rc :S '  ~ S and C '  = ~ -  t (C) in view of  (2.14). Since the covering group of  
r~ c, coincides with that o f  g, rc must  be cyclic. Since ~ i s  diffeomorphic to S, all the 
assumptions o f  (I 2.2) except minimality are satisfied so that  ~ i s  either a blown-up 
pr imary H o p f  surface or  a b lown-up parabolic Inoue surface. Q .E .D.  

(12.4) Lemma.  Let S be a VII o surface with b z > O. Suppose there is a divisor D 
such that m K  s + D = O fo r  a certain positive integer m. Then Dr~ contains a cycle C o f  
rational curves and H 2 (S, 0 s ( -  log C)) = 0. 

Proo f  It  is easy to see that  D is an  effective divisor. First we assume m = 1. Then 
h ~ (D, CD) = 2 by (2.6) and Dre d contains an elliptic curve or a cycle o f  rational 
curves in view of  (2.7). I f  S has no cycles o f  rational curves, then S is an elliptic 
surface or a H o p f  surface, so b 2 = 0 which contradicts the assumption.  Hence S has 
a cycle C o f  rat ional  curves. I f S  has an elliptic curve E, then S is a parabolic Inoue 
surface and K s = - C -  E, hence D = C + E contains C. I f  S has two cycles A and 
B o f  rational curves then S is a hyperbolic  Inoue surface and K s = - A - B, C is 
either A or  B. Therefore in this case D = A + B contains C too. I f  S has only one 
cycle o f  rational curves, then D contains C because h a (Dred, d~Vr~d) > 1 and Dr~a 
cannot  be a tree by (2.3). Moreover  by the Serre duality, in these cases we have 
h2(S, O s ( - l o g C ) )  = h~ (2~(log C) | ~22) N h~ f 2 ~ ( C - D ) )  N h~ f2~) = 0, 
hence H2(S, O s ( - l o g  C))=0.  Assume next m > 2 .  Then we consider an analytic 
subvariety S'  of  the antieanonical  line bundle - K s defined by S '  = {(x, ~) e - K s; 
("  = f (x )}  whe re f i s  a defining equat ion o f  D. Then there is a meromorph ic  2-form 
dx/~ on - K s. Let S* be the minimal resolution o f S ' ,  rc; S* -* S the canonical pro- 
jection o f  S* onto  S. Then r~*(dx/~) is a nontrivial meromorphic  2-form on S* so 
that there exists an effective divisor D* o f  S* such that ~ (D*) = D, Ks, + D* = O. 

We shall show S* is o f  class VII.  Since b 2 > 0, S has no meromorphic  functions 
except constants,  hence nor  has S*. Therefore by the classification table S* is a 
blown-up K3 surface or  a b lown-up complex torus or a b lown-up surface o f  class 
VII. However  in the first two cases Ks, is always effective, hence D* = 0, D = 0 
which is a contradict ion.  Hence S* is o f  class VII.  In view of  the assertion in the 
case where m = 1, D* contains a cycle C* o f  rational curves and r~(C*) is therefore 
a cycle o f  rat ional  curves, hence D contains a cycle o f  rational curves. Indeed, if 
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C := 7t (C*) is not a cycle of  rational curves, then C is a tree of  rational curves, the 
support  of  C is simply connected. Let S 1 be a double covering of  S, C1, D 1 the 
inverse images of  C, D. Then inks1 + D a = 0. By the same construction as above we 
have an m-fold covering St of  $1, and the minimal resolution S* of St ,  an 
effective divisor D* of  S~' with Ks* + D* = 0. By contruction, C1, DI ,  D~' 
consist o f  two copies of  C, D, D* so h ~ (D*,ODf) >_- 4 which is a contradiction of 
(2.2.1). Moreover H 2 (S, Os ( -  log C)) = 0. Because 7t* H ~ (S, Q] (log C) | f2 2) is 
contained in H ~ (S*, f21, (log n* C) | 2 h o f2s,), and (S*, f2s~, (log n* C) | Q~,) = h ~ 
(S*, f2s~, (log (n* C)r~a ) | f2sZ,) < h ~  *, f2~,) = 0, hence H~ f2s 1 (log C) | f2~) = 0. 
So H 2 (S, Os ( -  log C)) = 0. Q.E.D.  

(12.5) Theorem. Let S be a VIIo surface with b 2 > O. Suppose S has an 
antipluricanonical divisor D, that is, m K  s + D = 0 for  a certain positive integer m. 
Then there exists a proper f la t  family  n: b ~ D over the unit disc D with a n-flat 
divisor cg such that 

(12.5.1) 5Co = S, 5f(t +- O) is a blown-up primary Hop f  surface, 

(12.5.2) cgo is a cycle o f  rational curves, ~ ( t  ~a O) is a nonsingular elliptic curve. 

Proof  I f  S has two cycles of  rational curves, then the assertions follow from (5.4), 
(5.10). So we may assume that S has only one cycle of  rational curves. By (12.4) S 
has a unique cycle contained in Dry. I f  moreover there is an irreducible curve E with 
EC > 0, then a desired family of  deformations exists by (12.3), (12.4), (5.11) and the 
openness of  versality of  deformations. So we consider the case where there is no 
irreducible curve E with EC > 0. Suppose moreover C 2 = 0. Since there is an m- 
fold ramified covering S* of  S with Ks, + D* = 0. Let D = C'  + D '  for effective 
divisors C' ( c C )  and D'  with D'  c~ C = qS. Then (C') 2 = ( - i n K  s - D')  C' = mCC'  
= 0 because [C] is flat and [K s + C]c = ~)c. Hence C'  = k C  for some k by (2.10) 
and (2.12). It  is easy to see that [C]c is of  infinite order. (See (7.4).) Since [ - m C  
+ C']c = [mKs + C']c = [D']c = d)c, we have m = k. Hence by the construction 
of  S* in (12.4), D* contains a cycle C* with (C*) 2 = 0. Therefore S* has an elliptic 
curve E* such that D* = C* + E*, so S* is a blown-up parabolic Inoue surface by 
(7.1). Then the image of  E* in S is an elliptic curve by a similar p roof  to (12.4). 
Hence S itself is a parabolic Inoue surface, hence m = 1, S* = S and a desired 
family of  deformations o f  S exists by (5.11). Finally we suppose C z < 0 and there is 
no irreducible curve E with EC > 0. I f  moreover H1 (S, Z) 4= i,  H A (C, Z) for the 
inclusion i of  C into S, then S is a half  Inoue surface by (9.2), hence 2 K  s + 2 C = O, 
n~ (S) =~ Z. Therefore any unramified Galois covering f ;  S* --* S is cyclic and 
H 1 (S*, Z) ~ Z. Although one of  the assumptions in (12.3) is not satisfied, the 
p roof  there is applied. Hence a desired family of  deformations of  S exists. I f  
H 1 (S, Z) - i ,  H 1 (C, Z), then for any unramified covering f ;  S* ~ S, we have 
HI (S*,Z)  -~i ,  HI ( f *  C , Z  ) _~Z and S* is a VII 0 surface with mKs, + D* = O. 
Therefore the p roof  of  (12.3) is applied to show that  a desired family of  defor- 
mations of  S exists. Q.E.D.  

(12.6) Corollary. Let S be a VIIo surface with b 2 > 0 and an antipluricanonical 
effective divisor. Then S is diffeomorphic to a blown-up primary H o p f  surface. 
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